
1
Everyone can start

This chapter introduces the activities which will get your thinking started on any
question. There is no need to shy away from a mathematical question, and no
reason to stare at a blank piece of paper feeling hopeless. Driving straight down
the first path that appears hoping brute force will succeed is not a good tactic
either. However, there are productive things you can do.

Specializing

The best place to begin is to work on a question:

Warehouse
In a warehouse you obtain 20% discount but you must pay a 15% sales tax.
Which would you prefer to have calculated first: discount or tax?

How can you get to grips with such a question? To make
progress, you must be clear what the question is asking,
but this may not fully emerge until you’ve done a bit of
doodling. The best way to start is by trying some specific
cases. I hope you spontaneously want to try it with an item
priced at say £100.

DO SO NOW IF YOU HAVE NOT ALREADY

Surprised by the result? Most people are, and it is that
surprise which fuels mathematical thinking. Now, will the
same thing happen for a price of say £120?.

TRY IT AND SEE!

Write down your calculations and your insights. It is the only way to develop
your thinking skills.
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TRY IT AND SEE!

Now, perhaps using a calculator, try other examples. Your aim in doing this is
two-fold: to get an idea of what the answer to the question might be, and at the
same time to develop a sense of why your answer might be correct. Put another
way, by doing examples you make the question meaningful to yourself and you
may also begin to see an underlying pattern in all the special cases which will be
the clue to resolving the question completely.

What might be the underlying pattern in this question? Perhaps you have
experience of questions like this and know what to do. If so, think how you
would encourage someone less experienced to tackle it, then read my sugges-
tions. It is important to work through my discussions because that is where
important points about mathematical thinking will be introduced and illustrated.

How does the final price depend on the order of calculating discount and
tax? There should be a pattern in the examples you have tried. If not, check
your calculations! Will this result be true for other prices? If you are not certain,
try some more examples. When you are sure, search for an explanation (or read
further).

TRY EXAMPLES UNTIL YOU ARE SURE

A lot depends on the form in which you do your calculations. The usual form for
doing discount followed by tax is to

calculate the discount: on £100 discount is £20
subtract it from the price: £100 - £20 � £80
calculate the tax: 15% of £80 is £12
add the tax on to get the
final price: £80 + £12 � £92

Try to find other ways of doing the calculation until you hit upon one which
reveals why your result is always true. As a suggestion, you want to find a form
of calculation which is independent of the initial price. To do this, try calculating
what percentage of an original price you pay when the discount has been sub-
tracted, and what percentage of an original price you pay when tax has been
added.

DO IT NOW

With any luck you will have found that

(i) subtracting 20% from a price is the same as paying 80% of it, that is you pay
0.80 times the price:

(ii) adding 15% to a price is the same as paying 115% of it, that is you pay 1.15
times the price.
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Then, for any initial price of say £100, calculating

discount first: you pay 1.15 � (0.80 � £100)

tax first: you pay 0.80 � (1.15 � £100)

By writing the calculation in this form you can see that the order of calculation
does not matter, because all that is involved is multiplying the original price by
two numbers, in either order. If the original price is £P then calculating

discount first: you pay 1.15 � 0.80 � £P

tax first: you pay 0.80 � 1.15 � £P

and these are always equal.
Notice the value of standing back from the detail of the calculation and look-

ing at its form or shape. This sort of reflective activity is fundamental to devel-
oping your mathematical thinking.

Warehouse illustrates several important aspects of
mathematical thinking, two of which I want to draw to
your attention. Firstly there are specific processes
which aid mathematical thinking. In this case the
process being emphasized is SPECIALIZING which
means turning to examples to learn about the ques-
tion. The examples you choose are special in the sense
that they are particular instances of a more general situation in the question. Sec-
ondly, being STUCK is a natural state of affairs, and something can usually be
done about it. Here, the something being suggested is SPECIALIZING. This is a
simple technique which everyone can use, and when people find themselves un-
able to proceed with a question, suggestions like

Have you tried an example?

and

What happens in this particular case?

are what gets them going again.
The next question, taken from Banwell, Saunders, and Tahta (1986), illus-

trates other forms of specializing.

Paper Strip
Imagine a long thin strip of paper stretched out in front of you, left to right.
Imagine taking the ends in your hands and placing the right hand end on
top of the left. Now press the strip flat so that it is folded in half and has a
crease. Repeat the whole operation on the new strip two more times. How
many creases are there? How many creases will there be if the operation is
repeated 10 times in total?
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TRY IT NOW

STUCK?

➤ Specialize mentally by counting the creases after two folds.
➤ Perhaps a diagram will steady your mental image.
➤ Specialize by trying it on a strip of paper.
➤ Try three folds and four folds. Look for a pattern.
➤ What do you want to find? Be clear and precise.
➤ Is there something related to the creases that you can count more easily?
➤ Check any conjectures on new examples!

I am not going to give a full resolution of this question. If you are STUCK, do
not be upset. Being stuck is fine, as long as you look on it as an opportunity to
learn. Perhaps you can return to the question with renewed vigour as you read
the next chapter! Before you set it aside, try up to five folds either mentally,
with diagrams, or with real paper. Count the creases and draw up a table of the
results. Whereas with Warehouse specializing means turning to numerical
examples to get to grips with the question, specializing for Paper Strip means
turning to diagrams or pieces of paper and experimenting. It is important to
turn to objects which you are confidently able to manipulate. These may be
physical objects, or mathematical ones such as diagrams, numbers or algebraic
symbols.

Specializing alone is unlikely to resolve a question for you, but it does get
you started and involved. The question loses its forbidding exterior and be-
comes less intimidating. Furthermore, the specific cases should help you to get
a sense of what the question is really about, enabling you to make an informed
guess. Further careful specializing with an eye on the ‘why’ rather than the
‘what’ may lead to insight into what is really happening.

The next question is on more familiar ground.

Palindromes
A number like 12321 is called a palindrome because it reads the same back-
wards as forwards. A friend of mine claims that all palindromes with four
digits are exactly divisible by 11. Are they?

TRY IT NOW

STUCK?

➤ Find some palindromes with four digits.
➤ Do you believe my friend?
➤ What do you want to show?
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A resolution

Remember that a resolution is not intended to be polished, and is only one way
of thinking about it. The only sensible way to begin is to specialize. I want to get
a feel for the kinds of numbers involved. What are some palindromes?

747 is one
88 and 6 are others

The question only mentions palindromes with four digits, which means num-
bers like

1221, 3003, 6996 and 7557.

What do I want? I want to find out if all such numbers are divisible by 11.

TEST IT NOW

By trying specific numerical examples, I convinced myself that the result seems
plausible. Notice however that I cannot be sure my result is always correct just by
specializing unless I am prepared to test every four-digit palindrome. As there
are some 90 of them, it is better to try to get some idea of the underlying
pattern.

DO SO NOW

I tried four specific cases:

1221�11 � 111
3003�11 � 273
6996�11 � 636
7557�11 � 687

but I could see no obvious pattern in them. This brings up an extremely impor-
tant point about specializing. Choosing examples randomly is a good way of
getting an idea of what is involved in a question and seeing if a statement or
guess is likely to be true, but when searching for patterns, success is more likely
if the specializing is done systematically. How can I be systematic in this case?

TRY IT NOW

STUCK?

➤ What is the smallest four-digit palindrome?
➤ What is the next smallest?
➤ How can one palindrome be changed into another one?

One way is to start with the smallest four-digit palindrome (that is 1001) and
work upwards in numerical order:

1001, 1111, 1221, 1331, . . .
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Checking my friend’s statement:

1001�11 � 91
1111�11 � 101
1221�11 � 111
1331�11 � 121

This not only supports my friend’s claim, but also suggests more. Notice that the
palindromes are rising by 110 each time, and the quotients are rising by 10 each
time.

AHA! Now I can see why my friend’s claim is true. The difference between suc-
cessive palindromes is always 110. The smallest palindrome (1001) is exactly divis-
ible by 11 and so is 110. As all the other palindromes are obtained from 1001 by
adding on 110, all the palindromes with four digits must be exactly divisible by 11.

So apart from tidying up and expressing it nicely, the question is resolved.
Or is it? Does the resolution cover all the specific cases I have used? Look

more closely! If all palindromes can be constructed by successively adding 110
to 1001, they will all have one as the units digit. But they do not! For example,
7557 is a palindrome with 7 as its units digit. What has gone wrong? Specializ-
ing led to a pattern (that successive palindromes differ by 110) on which I based
my resolution. But this pattern cannot hold for all palindromes because it pre-
dicts something that is false (all palindromes do not end in one). The fault lies in
jumping too quickly from the three differences to a general result. Fortunately,
specializing can help again; this time to pinpoint the weakness in the pattern.
Look further along the list of palindromes:

Palindromes 1881 1991 2002 2112 2222 2332

Differences 110 11 110 110 110

This time I will proceed more cautiously, perhaps in a mood of disbelief rather
than of belief. The pattern seems to be that successive palindromes differ by
110 except when the thousands digit changes and then the difference is 11.
Further specializing gives results in agreement with this and increases confi-
dence that this is indeed the underlying pattern. Thus specializing has again
provided insight into what pattern might be valid. Now it is time to seek a gen-
eral reason why the new pattern is valid, finally arriving at something like this:

Successive palindromes that have the same thousands digit must have the same units
in order to be palindromes. Thus the numbers differ only in the second and third dig-
its which are each greater by one. The difference is therefore 110.

Successive palindromes that differ in the thousands digit arise by adding 1001 (to
increase the thousands and unit digits) and subtracting 990 (to reduce the second and
third digits from nines to zeros). But 1001 - 990 � 11, as observed in the examples.
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In both cases, the differences are divisible by 11, so as long as the smallest four
digit palindrome (1001) is divisible by 11 (it is), all of them are.

Now look back at the ways in which specializing has been used:

● It helped me to understand the question by forcing me to clarify the idea of
a palindrome.

● It also led me to discover the form of a four-digit palindrome.
● I used it to convince myself that what my friend claimed was indeed likely to

be true.
● Later on, systematic specializing exposed a pattern and so gave me an idea

of why the result was true.
● Testing whether that pattern was correct (it was not) involved further

specializing.

It is because it can be used so effectively, so easily, and in so many ways that
specializing is basic to mathematical thinking.

The argument given in my resolution is by no means the most elegant, but
then my aim is not for elegance in the first instance. The first attempt is rarely
like the solutions printed in text books. If you are more mathematically sophisti-
cated and confident with letters standing for arbitrary numbers, then you may
easily have reached a resolution more quickly. You may for example have no-
ticed that every four-digit palindrome has the shape ABBA where A and B are
digits. Such a number has the value

1000A � 100B � 10B � A � (1000 � 1)A � (100 � 1)B

� 1001A � 110B

� 11 � 91A � 11 � 10B

� 11 (91A � 10B)

(If you find this symbolic argument hard to follow, specialize and follow it
through with A � 3 and B � 4. Then use other values for A and B until you have
a sense of the patterns being expressed by the symbols.)

Elegant resolutions like that one apparently show no evidence of specializ-
ing since, by means of the symbols, a general argument applying to all four-
digit palindromes is given. However, in order to create this argument, I must
be sufficiently familiar with the entities involved (namely four-digit palin-
dromes, As and Bs and decimal notation) that the general form ABBA is con-
crete and confidence inspiring. I must be at ease manipulating both the
palindromes and the symbols standing for them. This is the essence of spe-
cializing. Turning to familiar, confidence inspiring entities and using them to
explore what the question is about creates feelings of confidence and ease in
otherwise unfamiliar situations.
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Generalizing

In the discussion of specializing, it was impossible to avoid the other side of the
coin, the process of generalizing: moving from a few instances to making
guesses about a wide class of cases.

Generalizations are the life-blood of mathematics. Whereas specific results
may in themselves be useful, the characteristically mathematical result is the
general one. For example, knowing what happens for an article priced at £100
in Warehouse is less powerful than knowing that the final price is always inde-
pendent of the order of calculation of discount and tax.

Generalizing starts when you sense an underlying pattern, even if you cannot
articulate it. After the Warehouse calculations had been carried out for a few
prices I noticed that, in each case, the order of calculation did not affect the re-
sult. This is the underlying pattern, the generalization. I conjectured that the
order of calculation would never alter the result. When the calculation was put
into a helpful form it was easy to introduce the symbol P for the original price
and thereby show that the generalization was true.

Generalizing need not stop here. What if the discount and tax rates change?
Does the order of calculation sometimes make a difference?

IF YOU HAVE NOT ALREADY DONE SO, TRY IT NOW

I hope you can see from the shape of the calculation derived earlier that the
actual percentages are irrelevant to the argument. Part of the power of symbols
in mathematics is to express such a general pattern. In this case denote the
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discount rate as a decimal or fraction by D, denote the tax rate as a decimal or
fraction by V, and denote the original price by P. Then with

discount first: you pay P(1 � D) (1 � V )
tax first: you pay P(1 � V) (1 � D)

These are always equal because the order in which we multiply numbers (and
hence symbols representing numbers) does not change the outcome. The use
of symbols enables the argument to be presented concisely and whole classes
of examples (in this case, all possible prices, tax rates and discount rates) can be
treated at once. However, exploiting symbols is by no means as straightforward
as is popularly imagined – it depends on the symbols becoming as familiar and
meaningful as the numbers they replace.

Warehouse illustrates in a simple form the constant interplay between spe-
cializing and generalizing that makes up a large part of mathematical thinking.
Specializing is used to gather the evidence upon which a generalization is to
be made. Articulating the pattern that has been sensed produces a conjecture
(a shrewd or informed guess) which further specializing can support or demolish.
The process of justifying the conjecture involves more generalizing, with a shift
in emphasis from guessing what may be true to seeing why it may be true. In
Warehouse I first generalized the result by conjecturing that changing the order
of calculation does not alter the final price (the ‘what’). To justify this I had to
study the method of calculation (the ‘why’).

Palindromes illustrates two other important aspects of generalizing. Being sys-
tematic in specializing is often an important aid to generalizing because pattern
is more likely to be evident among related examples than with randomly chosen
ones. There is, however, an inherent danger. Whilst a pattern may stick out, it is
easy to be misled into believing the pattern is right when it is too simple and
only partly correct. In Palindromes, the difference of 11 between some succes-
sive palindromes was overlooked because no examples had been tried where
the thousands digit changed. Being cautious about believing an observed pat-
tern or generalization reminds you to test it with a variety of examples. This is the
bread and butter of mathematical thinking. Being trigger-happy with conjectures
is as dangerous as being reticent to guess. The sometimes delicate balance that
has to be struck between being too willing to believe a generalization and too
sceptical to make any leaps into darkness is discussed in Chapters 5 and 6.

Writing yourself notes

Before we go on to look at more examples of specializing and generalizing, I
wish to introduce a technique for recording mathematical experience. The
reason for introducing it now is that you should start recording your experi-
ences so that they are not lost, but can be analysed and studied later. Recording



10 Thinking Mathematically

your experiences will also help you to notice them and this contributes to
developing your mathematical thinking. Aim to record three things:

● all the significant ideas that occur to you as you search for a resolution to a
question;

● what you are trying to do;
● your feelings about it.

Obviously this is a tall order, but it is well worth attempting. In particular, it gives
you something to do when you get stuck – write down STUCK! Recognizing that
you are stuck is the first step towards getting out of it.

Writing down the feelings you have and the mathematical ideas that occur to
you will destroy the stark whiteness of the piece of paper that confronts you as
you begin a question.

Once a start has been made, ideas often begin to flow more freely. Then it is
important to write down what you are trying to do as it is easy to lose track of
your approach or the reasons for embarking on some long calculation. There is
nothing worse than surfacing from a bit of work and having no idea what you
are doing or why!

I suggest that you get into the habit of writing notes to yourself when work-
ing on any of the questions in this book. Do not be put off by the large variety
of things to note down. As the chapters progress I shall be making suggestions
about the most useful things to record. The best time to begin is now, so try
making notes as you work on the next question. Avoid describing what you do.
Brief notes which help you recall the moment are all that is needed. Remember
to specialize and generalize, and compare your account with mine only when
you have done all you can. My account is necessarily more formal than yours will
be, and for later reference I have put certain words in capitals.

Patchwork
Take a square and draw a straight line right across it. Draw several more
lines in any arrangement so that the lines all cross the square, and the
square is divided into several regions. The task is to colour the regions in
such a way that adjacent regions are never coloured the same. (Regions
having only one point in common are not considered adjacent.) How few
different colours are needed to colour any such arrangement?

TRY IT NOW. NOTE DOWN IDEAS AND FEELINGS, RESORTING TO MY
COMMENTS ONLY WHEN YOU GET STUCK

STUCK?

➤ Clarify the question by specializing – try colouring an arrangement.
➤ What do you KNOW? How is an arrangement constructed?
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➤ What do you WANT to find?
➤ Be systematic!

A resolution

What is the question asking? Try an example (specialize) to see what is going on:

These five lines produce 13 regions. I KNOW that I have to colour the regions
so that adjacent ones are different colours. Here is one way using four colours:

I WANT to find the minimum number of colours needed for any arrangement of
lines. Is four the minimum needed for this particular arrangement? TRY to use
only three colours.

Success! Try again using only two colours.
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Success again! Obviously one colour is inadequate, so for this particular
arrangement, two colours is the minimum required.

As I was filling in the colours, I noticed that I always had to colour ‘opposite’
regions the same colour (generalizing!).

opposite regions

Will two colours always be enough? CHECK with another example – aim for
two colours and use the ‘opposite’ rule (specializing again!).

1

AHA! The ‘opposite’ rule does not work. When the dark regions have been
coloured using the ‘opposite’ rule, region (1) cannot be dark and yet it can-
not be white. Other regions have the same difficulty. Either I need more than
two colours or I must abandon the ‘opposite’ rule. Which route should I
follow?

TRY colouring it again with two colours, but abandon the ‘opposite’ rule.

As I made this successful attempt I noticed that once one region is coloured it is
easy to work out the rest. The regions adjacent to a coloured region should
immediately be allocated the other colour – an ‘adjacent’ rule. The ‘opposite’
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rule fails, but now I conjecture that every arrangement of regions can be
coloured using only two colours (generalizing to find WHAT might be true).

I do not really have much evidence for this conjecture at the moment.
STUCK! How can I convince myself that it always works? AHA! Specialize
systematically.

One line:

two colours are enough

Two lines:

two colours are enough

Three lines:

AHA! As I do this systematically, looking at what happens as I add the new line,
I begin to see why two colours always suffice (generalizing to find WHY). When
I add a new line (say the third) some of the old regions get cut into two parts.
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I now keep all the regions (whole and parts of cut regions) on one side of the
new line the same colour as they were. On the other side of the new line, I must
change the colours of all the regions. See how this works with three lines:

KEEP CHANGE

CHECK again: test the method by trying to build up the colouring of the first
example (more specializing).

CHANGE

CHANGE

CHANGECHANGE

It does work for this example and I think it will always work. The whole square is
coloured properly because

1 each side of the new line is properly coloured because adjacent regions were
coloured differently by the old colouring;

2 regions which are adjacent along the new line are also coloured differently.

Thus the whole square with the new line added is properly coloured.
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Was it just luck that my new method gave the same colouring of the square
as my first laborious attempts? What would happen if I added the lines in a dif-
ferent order using the new method? Would this give a different colouring? How
many different colourings are possible in this example, and in general? What if
the straight lines become curves? What about planes in space? I urge you to
look at some of these questions, because it is only by setting a resolution in a
broader context that you really come to understand it fully.

DO SO NOW

The other important technique for really understanding and appreciating a res-
olution is to take time to review what you have done. The notes that you make
as you go along are invaluable for this, because it is astonishing how little peo-
ple remember of what they were doing. It is not useful to spend time recon-
structing what you ‘must’ have done. It is extremely valuable to review what you
did do. You might like to compare your notes with mine. You will of course have
written rather less than I did and in fact mine have been expanded from my
original ones. However, every capitalized word appeared, with shorthanded
forms of the reasoning. You will probably have chosen different examples. As
you tried colouring, you probably found some sort of pattern or rule, like my
‘opposite’ or ‘adjacent’ rule developing inside you. The key thing is to notice it
and try to bring it to the surface, capturing it in words. When it is written down
it can be examined critically in a way that is not possible when it remains indefi-
nite in your head. As it happened, my ‘opposite’ rule was not valid, but the act
of articulating it allowed me to check it, find it wanting, and modify it. Notice
the use of specializing:

● randomly, to get the feel of the question;
● systematically, to prepare the ground for generalizing;
● artfully, to test the generalization.

The resolution also displays several different uses of generalizing. General-
izing special results (the WHAT) led to the conjecture that any arrangement
can be coloured by two colours. Generalizing methods led to the (false) ‘op-
posite’ rule, the (valid) ‘adjacent’ rule, and finally to the colouring technique
based on introducing the lines one at a time. The convincing stage, which
was only briefly indicated, involved even more generalizing with the empha-
sis on WHY.

I suggested before Patchwork that you write down your thoughts, feelings
and ideas. You may have decided that it was not necessary for one reason or
another, and so not bothered. If you did not write things down, then you
missed an opportunity to learn something about yourself and about the
nature of thinking. I recommend that you take the time to work through most
questions conscientiously. If you did try it, I suspect that you did not find it
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easy. It does at first seem awkward and unnecessary, but a little self-discipline
at this stage will reap rewards later. To make it easier to write helpful notes, I
am going to be more specific about useful things to write down. This added
detail or structure can then become a framework to assist your mathematical
thinking. The framework will give continuing assistance if you get it inside
you and make it your own. Otherwise it can provide only vague, temporary
help.

The framework consists of a number of key words. As you use these words
they become endowed with associations with past thinking experience, and
through these associations they can remind you of strategies that worked in
the past. In this chapter four key words are suggested, and in Chapter 2 they
will be considerably augmented. The whole framework of key words is called
a RUBRIC, following the medieval custom of writing key words in red in the
margins of important books. The activity of writing yourself notes I call RUBRIC
writing.

The four key words that I suggest you begin using in your notes and in your
thinking are

STUCK!, AHA!, CHECK and REFLECT.

STUCK!

Whenever you realize that you are stuck, write down STUCK! This will help you
to proceed, by encouraging you to write down why you are stuck. For example:

I do not understand . . .
I do not know what to do about . . .
I cannot see how to . . .
I cannot see why . . .

AHA!

Whenever an idea comes to you or you think you see something, write it down.
That way you will know later what the idea was. Very often people have a good
idea, but lose it subsequently and cannot recall it. In any case, it feels good to
write down AHA! Follow it with

Try . . .
Maybe . . .
But why . . .

CHECK

● Check any calculations or reasoning immediately.
● Check any insight on some examples (specializing).
● Check that your resolution does in fact resolve the original question.
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REFLECT

When you have done all that you can or wish to, take time to reflect on what
happened. Even if you do not feel that you got very far, it helps to write up what
you have done so that you can return to it freshly and efficiently at some later
date. It is also the case that the act of summarizing often releases the blockage.
There are several things worth noting particularly:

● write down the key ideas;
● write down the key moments that stand out in your memory;
● consider positively what you can learn from this experience.

I strongly recommend getting into the habit of RUBRIC writing when working
on any question. You may wish to change the key words to suit yourself, but
what is important is to develop rich associations with the words you use so that
they conjure up the more detailed advice being offered in this and subsequent
chapters. You cannot possibly memorize all the helpful advice that could be
given. Instead of relying on someone else to get you unstuck with some timely
advice, you can draw on your own experience. A RUBRIC is the means for draw-
ing on that experience, and Chapter 7 discusses how the links between detailed
advice and RUBRIC words are forged.

The RUBRIC should not be followed slavishly or dogmatically. Rather, with a
little practice, the RUBRIC phrases will arise naturally, identifying what is to be
done and suggesting what might be done. Sometimes you can be almost afraid
to write down an idea in case you lose hold of it as it is forming itself in your
head, so do not rush into writing. It is true though that having these standard
key words automatically available helps in pinning ideas down. Conversely, try
to avoid writing down scraps of ideas haphazardly in random places on a page.
Everyone finds it hard at first to write RUBRIC notes, but those who persevere
find it a real benefit.

Enough talking about RUBRIC! Investigate the next question using RUBRIC
writing to record your resolution. Remember to specialize, and try to generalize
from the specific instances.

Chessboard Squares
It was once claimed that there are 204 squares on an ordinary chessboard.
Can you justify this claim?

TRY IT NOW – USE RUBRIC WRITING

STUCK?

➤ Usually one would say that a chessboard has 64 squares.
➤ What other squares are being counted?
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➤ If you feel you are getting mixed up, and the situation is getting too compli-
cated, specialize! Work on smaller boards.

➤ You must have a systematic way of counting the squares, but there are lots of
ways of doing it. Find at least two different ways before carrying out one of
them.

A resolution

What can it mean? I am STUCK because there are only 64 squares on the chess-
boards that I have seen, 8 rows and 8 columns. AHA! I get it, they are counting
bigger squares as well, like these:

With this new interpretation of ‘square’, I WANT to count the number of 1 �
1 squares (there are 64 of these), 2 � 2 squares, 3 � 3 squares and so on up
to the 8 � 8 square (there is only one). I’ve got to complete a table like this:

Size 1 � 1 2 � 2 3 � 3 4 � 4 5 � 5 6 � 6 7 � 7 8 � 8

Number 64 1

and show that the total is 204. At least it seems plausible!
TRY to count the 2 � 2 squares. Look at them; notice that they overlap.

I will need a systematic approach to count these. How many touch the top line
of the chessboard?
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Size 1 � 1 2 � 2 3 � 3 4 � 4 5 � 5 6 � 6 7 � 7 8 � 8

Number 64 49 1

I count 7. How many touch the next line down? Count in the same way: 7 again.
How many touch the next line? OOPS! What do I mean by a square ‘touching’ a
line? I must mean that the top of the little square is on the line, otherwise I
would count some squares twice. Counting gives 7 again. AHA! – there will
be 7 on each row (generalizing). Along how many rows must I count? There
are 9 horizontal lines altogether but the bottom two won’t be touched by any
2 � 2 squares; 7 squares touching each of 7 rows gives 49 altogether.

AHA! I think I see a pattern here because 64 is 8 � 8 and 49 is 7 � 7. I guess
then that there will be 36 � 6 � 6 of the 3 � 3 squares (generalizing and
conjecturing).

CHECK by counting the 3 � 3 squares. How many touch the top line? I count
6 but now I see the reason (generalizing). There are 9 vertical lines intersecting
the top line and each point of intersection can be the top left-hand corner of a
3 � 3 square – except for the three points on the extreme right. Therefore there
are (9 - 3) squares of size 3 � 3 touching the top line and, generalizing, there
will be (9 - K) squares of size K � K touching the top line. Also, there will be 
(9 - 3) horizontal lines that the tops of the 3 � 3 squares can touch (9 altogether
and the bottom 3 can’t be used). Therefore (9 - K) lines can be touched by K � K
squares. Altogether there must then be 36 � (9 - 3) � ( 9 - 3) squares of size
3 � 3, and there will be (9 - K) � (9 - K) squares of size K � K.

Now I can fill in the table. Fortunately, I see that my previous results (for 1 � 1,
2 � 2 and 8 � 8) fit nicely and my guess is confirmed (CHECKING).

Size 1 � 1 2 � 2 3 � 3 4 � 4 5 � 5 6 � 6 7 � 7 8 � 8 K � K

Number 64 49 36 25 16 9 4 1 (9 - K)2
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Pleased as I am with this table I am not finished yet! I WANT the total number of
squares on the board which is

64 � 49 � 36 � 25 � 16 � 9 � 4 � 1 � 204

On REFLECTING, I notice that this result generalizes to chessboards with N
rows and N columns. On such a board the number of K � K squares is found by
noticing that there are (N � 1 � K) squares of size K � K in any one row, and
there are (N � 1 - K) rows, so the number of squares of size K � K is (N � 1 - K) �
(N � 1 - K). The total number of all sizes is then

(1 � 1) � (2 � 2) � (3 � 3) � (4 � 4) � � � � � (N � N)

The key idea was the systematic approach to counting the 2 � 2 squares.
This idea generalized and produced the desired result. The transition from con-
fusion and uncertainty about what to do with all those overlapping 2 � 2
squares, to the simplicity and calm of counting those that touched a line, stands
out in my memory.

Now compare your notes with mine. There are many different ways of tack-
ling this question, and you may have found that my system for counting the
squares is quite different from yours. Counting them by marking the position of
the centre of the squares, with a different colour for each size is a good way
that leads to a nice geometric pattern reflecting the arithmetic result.

Look back carefully through your resolution to see where specializing and
generalizing occurred. Notice particularly the different ways in which generaliz-
ing entered mine. The simplest occurrence was when I noticed that there would
be the same number of 2 � 2 squares on each row. At a higher (or is it deeper?)
level, while doing the 3 � 3 case I discovered the pattern connecting square
size K � K with the number of squares in each row (9 - K) and the number of
rows (also 9 - K). This enabled me to avoid doing the individual calculations for
the 4 � 4, 5 � 5, 6 � 6 and 7 � 7 squares. Finally I was able to generalize my
overall result when I saw how the size of the chessboard (8 � 8) entered the
calculations, leading to the N � N board. Can you identify similar uses of
generalization in your notes? My resolution is fairly typical of the results ob-
tained by using the RUBRIC, although again it is rather more formal and com-
plete than the notes made in the heat of the moment. Perhaps the main feature
of my resolution is the large number of subsidiary questions which I found it
useful to write down.

The idea of the RUBRIC, as I hope my resolution shows, is not that it be fol-
lowed slavishly, nor that it interfere with your useful thinking. Rather it is a frame-
work for organizing, recording and creating mathematical experiences. If it
slows you down when your mind is racing, that may well be to the good. If it
suggests things to do when you are stuck then that too is a benefit.



Everyone can start 21

Review and preview

This chapter has introduced two fundamental math-
ematical processes: specializing and generalizing.
There is no need to stare at a blank page, and no
need to rush blindly at the first idea that arises. Any-
one, when faced with a question, can try some spe-
cific example which brings the question into an area
of confidence. It is no good trying examples which
are themselves abstract and remote. The idea is to
interpret the question through examples which are concrete and confidence-
inspiring without trying to resolve the question itself. Then and only then can fur-
ther specializing help to reveal a sense of what is going on. A resolution may
then follow.

Trying to articulate a sense of some underlying pattern is called generalizing.
It means noticing certain features common to several particular examples and
ignoring other features. Once articulated, the generalization turns into a conjec-
ture which must then be investigated to see if it is accurate. This whole process
is the essence of mathematical thinking.

SPECIALIZING means choosing examples

● randomly, to get a feel for the question;
● systematically, to prepare the ground for generalizing;
● artfully, to test a generalization.
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In the event that no pattern emerges, specializing means simplifying the ques-
tion, making it more specific or more special until some progress is possible.

GENERALIZING means detecting a pattern leading to

● WHAT seems likely to be true (a conjecture);
● WHY it is likely to be true (a justification);
● WHERE it is likely to be true, that is, a more general setting of the question

(another question!).

A format for writing notes about your thinking called a RUBRIC was sug-
gested, to help you notice, record and thereby to learn from your experience of
thinking mathematically. If it serves only to make your doodlings more coherent
it will have made a significant impact. Its further potential will unfold as the
book progresses.

The RUBRIC words introduced so far are

STUCK!, AHA!, CHECK and REFLECT.

The RUBRIC can be thought of as a scaffold around which a resolution is built. It
also encourages checking and reflecting on your resolution, an essential ingre-
dient for improving your mathematical thinking.

Many of the themes of later chapters have been hinted at in the discussion of
the questions in this chapter. Chapter 2 aims to increase awareness of phases
that take place in thinking, and augments the RUBRIC. It emphasizes the impor-
tance of spending time at the beginning getting to grips with the question, and
at the end reviewing what has been done. The central phase of mounting an
attack on a question is considered in subsequent chapters. All of them come
back to, or are based on, the fundamental processes of SPECIALIZING and
GENERALIZING.
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You might like to consolidate these ideas by trying some of the questions in
Chapter 10. The following are related to the questions in this chapter:

Ins and Outs Fred and Frank
Divisibility Speed Trap
Finger Multiplication Sums of Squares

See Chapter 11 for other curriculum-related questions.
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