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Linear Programming 
Models: Graphical and

Computer Methods

1. Understand the basic assumptions and properties of
linear programming (LP).

2. Graphically solve any LP problem that has only two
variables by both the corner point and isoprofit line
methods.

7.1 Introduction

7.2 Requirements of a Linear Programming Problem

7.3 Formulating LP Problems

7.4 Graphical Solution to an LP Problem

7.5 Solving Flair Furniture’s LP Problem Using QM for
Windows and Excel

7.6 Solving Minimization Problems

7.7 Four Special Cases in LP

7.8 Sensitivity Analysis

3. Understand special issues in LP such as infeasibility,
unboundedness, redundancy, and alternative
optimal solutions.

4. Understand the role of sensitivity analysis.

5. Use Excel spreadsheets to solve LP problems.

7
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7.1 Introduction

Many management decisions involve trying to make the most effective use of an organization’s
resources. Resources typically include machinery, labor, money, time, warehouse space, and raw
materials. These resources may be used to make products (such as machinery, furniture, food, or
clothing) or services (such as schedules for airlines or production, advertising policies, or in-
vestment decisions). Linear programming (LP) is a widely used mathematical modeling tech-
nique designed to help managers in planning and decision making relative to resource allocation.
We devote this and the next chapter to illustrating how and why linear programming works.

Despite its name, LP and the more general category of techniques called “mathematical”
programming have very little to do with computer programming. In the world of management
science, programming refers to modeling and solving a problem mathematically. Computer
programming has, of course, played an important role in the advancement and use of LP. Real-
life LP problems are too cumbersome to solve by hand or with a calculator. So throughout
the chapters on LP we give examples of how valuable a computer program can be in solving an
LP problem.

Linear programming is a
technique that helps in resource
allocation decisions.

7.2 Requirements of a Linear Programming Problem

In the past 60 years, LP has been applied extensively to military, industrial, financial, marketing,
accounting, and agricultural problems. Even though these applications are diverse, all LP prob-
lems have several properties and assumptions in common.

All problems seek to maximize or minimize some quantity, usually profit or cost. We refer
to this property as the objective function of an LP problem. The major objective of a typical
manufacturer is to maximize dollar profits. In the case of a trucking or railroad distribution sys-
tem, the objective might be to minimize shipping costs. In any event, this objective must be
stated clearly and defined mathematically. It does not matter, by the way, whether profits and
costs are measured in cents, dollars, or millions of dollars.

The second property that LP problems have in common is the presence of restrictions, or
constraints, that limit the degree to which we can pursue our objective. For example, deciding
how many units of each product in a firm’s product line to manufacture is restricted by available
personnel and machinery. Selection of an advertising policy or a financial portfolio is limited by
the amount of money available to be spent or invested. We want, therefore, to maximize or min-
imize a quantity (the objective function) subject to limited resources (the constraints).

There must be alternative courses of action to choose from. For example, if a company
produces three different products, management may use LP to decide how to allocate among
them its limited production resources (of personnel, machinery, and so on). Should it devote all
manufacturing capacity to make only the first product, should it produce equal amounts of each
product, or should it allocate the resources in some other ratio? If there were no alternatives to
select from, we would not need LP.

The objective and constraints in LP problems must be expressed in terms of linear equations
or inequalities. Linear mathematical relationships just mean that all terms used in the objective
function and constraints are of the first degree (i.e., not squared, or to the third or higher power, or
appearing more than once). Hence, the equation is an acceptable linear function,
while the equation is not linear because the variable A is squared, the
variable B is cubed, and the two variables appear again as a product of each other.

The term linear implies both proportionality and additivity. Proportionality means that if
production of 1 unit of a product uses 3 hours, production of 10 units would use 30 hours. Addi-
tivity means that the total of all activities equals the sum of the individual activities. If the pro-
duction of one product generated $3 profit and the production of another product generated $8
profit, the total profit would be the sum of these two, which would be $11.

We assume that conditions of certainty exist: that is, number in the objective and constraints
are known with certainty and do not change during the period being studied. 

We make the divisibility assumption that solutions need not be in whole numbers (integers).
Instead, they are divisible and may take any fractional value. In production problems, we often

2A2
+ 5B3

+ 3AB = 10
2A + 5B = 10

Problems seek to maximize or
minimize an objective.

Constraints limit the degree to
which the objective can be
obtained.

There must be alternatives
available.

Mathematical relationships are
linear.
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7.3 FORMULATING LP PROBLEMS 271

define variables as the number of units produced per week or per month, and a fractional value
(e.g., 0.3 chairs) would simply mean that there is work in process. Something that was started in
one week can be finished in the next. However, in other types of problems, fractional values do
not make sense. If a fraction of a product cannot be purchased (for example, one-third of a sub-
marine), an integer programming problem exists. Integer programming is discussed in more de-
tail in Chapter 10.

Finally, we assume that all answers or variables are nonnegative. Negative values of physi-
cal quantities are impossible; you simply cannot produce a negative number of chairs, shirts,
lamps, or computers. Table 7.1 summarizes these properties and assumptions.

Linear programming was conceptually developed before World
War II by the outstanding Soviet mathematician A. N. Kolmogorov.
Another Russian, Leonid Kantorovich, won the Nobel Prize in Eco-
nomics for advancing the concepts of optimal planning. An early
application of LP, by Stigler in 1945, was in the area we today call
“diet problems.”

Major progress in the field, however, took place in 1947 and
later when George D. Dantzig developed the solution procedure

known as the simplex algorithm. Dantzig, then an Air Force math-
ematician, was assigned to work on logistics problems. He
noticed that many problems involving limited resources and more
than one demand could be set up in terms of a series of equa-
tions and inequalities. Although early LP applications were
military in nature, industrial applications rapidly became apparent
with the spread of business computers. In 1984, N. Karmarkar
developed an algorithm that appears to be superior to the sim-
plex method for many very large applications.

HISTORY How Linear Programming Started

PROPERTIES OF LINEAR PROGRAMS

1. One objective function

2. One or more constraints

3. Alternative courses of action

4. Objective function and constraints are
linear—proportionality and divisibility

5. Certainty

6. Divisibility

7. Nonnegative variables

TABLE 7.1
LP Properties and
Assumptions

7.3 Formulating LP Problems

Formulating a linear program involves developing a mathematical model to represent the mana-
gerial problem. Thus, in order to formulate a linear program, it is necessary to completely un-
derstand the managerial problem being faced. Once this is understood, we can begin to develop
the mathematical statement of the problem. The steps in formulating a linear program follow:

1. Completely understand the managerial problem being faced.

2. Identify the objective and the constraints.

3. Define the decision variables.

4. Use the decision variables to write mathematical expressions for the objective function
and the constraints.

One of the most common LP applications is the product mix problem. Two or more prod-
ucts are usually produced using limited resources such as personnel, machines, raw materials,
and so on. The profit that the firm seeks to maximize is based on the profit contribution per unit
of each product. (Profit contribution, you may recall, is just the selling price per unit minus the

Product mix problems use LP to
decide how much of each product
to make, given a series of
resource restrictions.
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272 CHAPTER 7 • LINEAR PROGRAMMING MODELS: GRAPHICAL AND COMPUTER METHODS

*Technically, we maximize total contribution margin, which is the difference between unit selling price and costs that
vary in proportion to the quantity of the item produced. Depreciation, fixed general expense, and advertising are
excluded from calculations.

The resource constraints put
limits on the carpentry labor
resource and the painting labor
resource mathematically.

variable cost per unit.*) The company would like to determine how many units of each product
it should produce so as to maximize overall profit given its limited resources. A problem of this
type is formulated in the following example.

Flair Furniture Company
The Flair Furniture Company produces inexpensive tables and chairs. The production process
for each is similar in that both require a certain number of hours of carpentry work and a certain
number of labor hours in the painting and varnishing department. Each table takes 4 hours of
carpentry and 2 hours in the painting and varnishing shop. Each chair requires 3 hours in car-
pentry and 1 hour in painting and varnishing. During the current production period, 240 hours
of carpentry time are available and 100 hours in painting and varnishing time are available. Each
table sold yields a profit of $70; each chair produced is sold for a $50 profit.

Flair Furniture’s problem is to determine the best possible combination of tables and chairs
to manufacture in order to reach the maximum profit. The firm would like this production mix
situation formulated as an LP problem.

We begin by summarizing the information needed to formulate and solve this problem (see
Table 7.2). This helps us understand the problem being faced. Next we identify the objective and
the constraints. The objective is

The constraints are

1. The hours of carpentry time used cannot exceed 240 hours per week.

2. The hours of painting and varnishing time used cannot exceed 100 hours per week.

The decision variables that represent the actual decisions we will make are defined as

Now we can create the LP objective function in terms of T and C. The objective function is
Maximize 

Our next step is to develop mathematical relationships to describe the two constraints in this
problem. One general relationship is that the amount of a resource used is to be less than or
equal to the amount of resource available.

In the case of the carpentry department, the total time used is

So the first constraint may be stated as follows:

Carpentry time used Carpentry time available

4T + 3C … 240 1hours of carpentry time2

…

+ 13 hours per chair21Number of chairs produced2

14 hours per table21Number of tables produced2

1…2

profit = $70T + $50C.

 C = number of chairs to be produced per week

 T = number of tables to be produced per week

Maximize profit

HOURS REQUIRED TO
PRODUCE 1 UNIT

(T) (C ) AVAILABLE HOURS
DEPARTMENT TABLES CHAIRS THIS WEEK

Carpentry 4 3 240

Painting and varnishing 2 1 100

Profit per unit $70 $50

TABLE 7.2
Flair Furniture
Company Data
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7.4 GRAPHICAL SOLUTION TO AN LP PROBLEM 273

Similarly, the second constraint is as follows:
Painting and varnishing time used Painting and varnishing time available

(This means that each table produced takes two hours of the painting and varnishing
resource.)

Both of these constraints represent production capacity restrictions and, of course, affect
the total profit. For example, Flair Furniture cannot produce 80 tables during the production
period because if both constraints will be violated. It also cannot make tables
and chairs. Why? Because this would violate the second constraint that no more than
100 hours of painting and varnishing time be allocated.

To obtain meaningful solutions, the values for T and C must be nonnegative numbers. That is,
all potential solutions must represent real tables and real chairs. Mathematically, this means that

The complete problem may now be restated mathematically as

subject to the constraints

While the nonnegativity constraints are technically separate constraints, they are often written on
a single line with the variables separated by commas. In this example, this would be written as

T, C Ú 0

 C Ú 0    1second nonnegativity constraint2

  T            Ú 0    1first nonnegativity constraint2

 2T + 1C … 100 1painting and varnishing constraint2

 4T + 3C … 240 1carpentry constraint2

Maximize profit = $70T + $50C

 C Ú 0 1number of chairs produced is greater than or euqal to 02

 T Ú 0 1number of tables produced is greater than or equal to 02

C = 10
T = 50T = 80,

2 T + 1C … 100 1hours of painting and varnishing time2

…

→

Here is a complete mathematical
statement of the LP problem.

7.4 Graphical Solution to an LP Problem

The easiest way to solve a small LP problem such as that of the Flair Furniture Company is with
the graphical solution approach. The graphical procedure is useful only when there are two
decision variables (such as number of tables to produce, T, and number of chairs to produce, C)
in the problem. When there are more than two variables, it is not possible to plot the solution on
a two-dimensional graph and we must turn to more complex approaches. But the graphical
method is invaluable in providing us with insights into how other approaches work. For that rea-
son alone, it is worthwhile to spend the rest of this chapter exploring graphical solutions as an
intuitive basis for the chapters on mathematical programming that follow.

Graphical Representation of Constraints
To find the optimal solution to an LP problem, we must first identify a set, or region, of feasible
solutions. The first step in doing so is to plot each of the problem’s constraints on a graph. The
variable T (tables) is plotted as the horizontal axis of the graph and the variable C (chairs) is
plotted as the vertical axis. The notation is used to identify the points on the graph. The
nonnegativity constraints mean that we are always working in the first (or northeast) quadrant
of a graph (see Figure 7.1).

To represent the first constraint graphically, we must first graph the
equality portion of this, which is

As you may recall from elementary algebra, a linear equation in two variables is a straight line.
The easiest way to plot the line is to find any two points that satisfy the equation, then draw a
straight line through them.

The two easiest points to find are generally the points at which the line intersects the T and
C axes.

4T + 3C = 240

4T + 3C … 240,

1T, C2

The graphical method works only
when there are two decision
variables, but it provides valuable
insight into how larger problems
are structured.

Nonnegativity constraints mean
and .C » 0T » 0

Plotting the first constraint
involves finding points at which
the line intersects the T and C
axes.
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This Axis Represents the Constraint T ≥ 0

This Axis Represents the
Constraint C ≥ 0

FIGURE 7.1
Quadrant Containing All
Positive Values

*Thus, what we have done is to plot the constraint equation in its most binding position, that is, using all of the carpen-
try resource.

When Flair Furniture produces no tables, namely it implies that

or

or

In other words, if all of the carpentry time available is used to produce chairs, 80 chairs could be
made. Thus, this constraint equation crosses the vertical axis at 80.

To find the point at which the line crosses the horizontal axis, we assume that the firm
makes no chairs, that is, Then

or

or

Hence, when we see that and that 
The carpentry constraint is illustrated in Figure 7.2. It is bounded by the line running from

point to point 
Recall, however, that the actual carpentry constraint was the inequality

How can we identify all of the solution points that satisfy this constraint? It turns out that there
are three possibilities. First, we know that any point that lies on the line satis-
fies the constraint. Any combination of tables and chairs on the line will use up all 240 hours of
carpentry time.* Now we must find the set of solution points that would use less than the 240
hours. The points that satisfy the portion of the constraint (i.e., ) will be all
the points on one side of the line, while all the points on the other side of the line will not satisfy
this condition. To determine which side of the line this is, simply choose any point on either side

4T + 3C 6 2406

4T + 3C = 240

4T + 3C … 240.
1T = 60, C = 02.1T = 0, C = 802

T = 60.4T = 240C = 0,

T = 60

4T = 240

4T + 3102 = 240

C = 0.

C = 80

3C = 240

4102 + 3C = 240

T = 0,
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7.4 GRAPHICAL SOLUTION TO AN LP PROBLEM 275

of the constraint line shown in Figure 7.2 and check to see if it satisfies this condition. For ex-
ample, choose the point (30, 20), as illustrated in Figure 7.3:

Since this point satisfies the constraint, and all points on this side of the line will
also satisfy the constraint. This set of points is indicated by the shaded region in Figure 7.3.

To see what would happen if the point did not satisfy the constraint, select a point on the
other side of the line, such as (70, 40). This constraint would not be met at this point as

Since this point and every other point on that side of the line would not satisfy
this constraint. Thus, the solution represented by the point would require more than
the 240 hours that are available. There are not enough carpentry hours to produce 70 tables
and 40 chairs.

170, 402
400 7 240,

41702 + 31402 = 400

180 6 240,

41302 + 31202 = 180

200 40 60 80 100 T
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C

Number of Tables

( T C

(  =60,    =0)T C

=0,    =80)

FIGURE 7.2
Graph of Carpentry
Constraint Equation
4T � 3C � 240
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(70, 40)
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FIGURE 7.3
Region that Satisfies the
Carpentry Constraint
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Next, let us identify the solution corresponding to the second constraint, which limits the time
available in the painting and varnishing department. That constraint was given as 
As before, we start by graphing the equality portion of this constraint, which is

To find two points on the line, select and solve for C:

So, one point on the line is To find the second point, select and solve for T:

The second point used to graph the line is (50, 0). Plotting this point, (50, 0), and the other point,
(0, 100), results in the line representing all the solutions in which exactly 100 hours of painting
and varnishing time are used, as shown in Figure 7.4.

To find the points that require less than 100 hours, select a point on either side of this line to
see if the inequality portion of the constraint is satisfied. Selecting (0, 0) give us

This indicates that this and all the points below the line satisfy the constraint, and this region is
shaded in Figure 7.4.

Now that each individual constraint has been plotted on a graph, it is time to move on to the
next step. We recognize that to produce a chair or a table, both the carpentry and painting and
varnishing departments must be used. In an LP problem we need to find that set of solution
points that satisfies all of the constraints simultaneously. Hence, the constraints should be
redrawn on one graph (or superimposed one upon the other). This is shown in Figure 7.5.

The shaded region now represents the area of solutions that does not exceed either of the
two Flair Furniture constraints. It is known by the term area of feasible solutions or, more
simply, the feasible region. The feasible region in an LP problem must satisfy all conditions
specified by the problem’s constraints, and is thus the region where all constraints overlap.
Any point in the region would be a feasible solution to the Flair Furniture problem; any point
outside the shaded area would represent an infeasible solution. Hence, it would be feasible to

2102 + 1102 = 0 6 100

 T = 50

 2T + 1102 = 100

C = 010, 1002.

 C = 100

 2102 + 1C = 100

T = 0

2T + 1C = 100

2T + 1C … 100.

20 40 60 80 100 T

20
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60

N
um
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r 
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 C
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100

C

Number of Tables

(  =0,    =100)CT

(  =50,    =0)CT

0

FIGURE 7.4
Region that Satisfies the
Painting and Varnishing
Constraint

In LP problems we are interested
in satisfying all contraints at the
same time.

The feasible region is the set of
points that satisfy all the
constraints.
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7.4 GRAPHICAL SOLUTION TO AN LP PROBLEM 277

manufacture 30 tables and 20 chairs during a production period because
both constraints are observed:

Carpentry constraint hours available
hours used �✓

Painting constraint hours available
hours used �✓

But it would violate both of the constraints to produce 70 tables and 40 chairs, as we see here
mathematically:

Carpentry constraint hours available
hours used �

Painting constraint hours available
hours used �

Furthermore, it would also be infeasible to manufacture 50 tables and 5 chairs 
Can you see why?

Carpentry constraint hours available
hours used �✓

Painting constraint hours available
hours used �

This possible solution falls within the time available in carpentry but exceeds the time available
in painting and varnishing and thus falls outside the feasible region.

Isoprofit Line Solution Method
Now that the feasible region has been graphed, we may proceed to find the optimal solution to
the problem. The optimal solution is the point lying in the feasible region that produces the high-
est profit. Yet there are many, many possible solution points in the region. How do we go about
selecting the best one, the one yielding the highest profit?

There are a few different approaches that can be taken in solving for the optimal solution
when the feasible region has been established graphically. The speediest one to apply is called
the isoprofit line method.

We start the technique by letting profits equal some arbitrary but small dollar amount. For
the Flair Furniture problem we may choose a profit of $2,100. This is a profit level that can be
obtained easily without violating either of the two constraints. The objective function can be
written as $2,100 = 70T + 50C.

1221502 + 112152 = 105
2T + 1C … 100

1421502 + 132152 = 215
4T + 3C … 240

C = 52.
1T = 50,

1221702 + 1121402 = 180
2T + 1C … 100

1421702 + 1321402 = 400
4T + 3C … 240

1221302 + 1121202 = 80
2T + 1C … 100

1421302 + 1321202 = 180
4T + 3C … 240

1T = 30, C = 202
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Feasible
Region

Painting/Varnishing Constraint

Carpentry Constraint

0

FIGURE 7.5
Feasible Solution Region
for the Flair Furniture
Company Problem

The isoprofit method is the first
method we introduce for finding
the optimal solution.
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This expression is just the equation of a line; we call it an isoprofit line. It represents all
combinations of that would yield a total profit of $2,100. To plot the profit line, we pro-
ceed exactly as we did to plot a constraint line. First, let and solve for the point at which
the line crosses the C axis:

Then, let and solve for T:

 T = 30 tables

 $2,100 = $70T + 50102

C = 0

 C = 42 chairs

 $2,100 = $70102 = $50 C

T = 0
1T, C2

Defining the Problem
The National University of Singapore (NUS) is a prominent higher education institution in Singapore, cur-
rently enrolling more than 36,000 undergraduate and postgraduate students from all over the world. NUS
changed to a modular academic course structure in 1993, and the enhanced flexibility resulted in increasing
difficulties when scheduling exams, with exam dates often overlapping across faculties. The inefficient
scheduling system soon translated into longer examination periods and augmented room rental costs.

Developing a Model
NUS developed a new centralized system, called University Timetable Scheduler Software Exam (UTTSExam),
in 1999 to address its problem. UTTSExam was an application of the constraint satisfaction optimization
problem (CSOP), an LP model that combines two different problems—one of constraint satisfaction and an-
other of optimization.

Acquiring Input Data
Data and constraints were derived directly from the university system. Essential information included stu-
dent numbers, the time and length of examinations, and venue booking details.

Developing a Solution
NUS had previously adopted both centralized and decentralized systems for exam timetabling, but both
systems had severe limitations. UTTSExam represented a hybrid approach, combining the best of the two
systems, allowing for a flexible but centrally managed solution that offered substantial improvements.

Testing the Solution
UTTSExam was implemented in the first semester of the 2001–2002 school year. A total of 27,235 stu-
dents were involved, each student sitting at least one of a total of 1,350 examinations. Eleven venues were
used, with a total of 4,654 available seats.

Analyzing the Results
The gains obtained using the new system were clealy evident. In the original system, the exam scheduling
procedure was cumbersome and difficult to modify. With UTTSExam, once data and the constraint set
were defined, the scheduling procedure took less than five minutes. Late changes could also be
accommodated easily, and the system was virtually conflict free.

Implementing the Results
When UTTSExam was fully implemented, it solved the problems of allocating a large set of examinations
over a short period and ensured that this was done in the best possible configuration for students. It
meant that there could be three sessions of examinations a day rather than two sessions. This reduced the
overall examination period from one month to two weeks and enabled large savings in renting the ven-
ues. UTTSExam implementations succeeded in saving NUS up to US$500,000 in rent costs.

Source: Lim et al. “Automated Campuswide Examination Timetabling at the National University of Singapore,” Interfaces 32, 6
(November–December 2000): 41–44; and Lim et al. “A Campus-wide University Examination Timetabling Application,” AAAI-02
Proceedings, 2000; Graduate and Undergraduate Statistics, 2009–2010, available at www.nus.edu.sg/registrar/statistics.html.

MODELING IN THE REAL WORLD
Implementing an Automated Examination
Timetabling Application

Defining
the Problem

Developing
a Model

Acquiring
Input Data

Developing
a Solution

Testing the
Solution

Analyzing
the Results

Implementing
the Results
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Isoprofit involves graphing
parallel profit lines.
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(0,42)

(30,0)

$2100 = $70 T   + $50 C

0

FIGURE 7.6
Profit Line of $2,100
Plotted for the Flair
Furniture Company

*Iso means “equal” or “similar.” Thus, an isoprofit line represents a line with all profits the same, in this case $2,100.
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$2,100 = $70T  + $50C

$2,800 = $70T + $50C

$3,500 = $70T + $50C

$4,200 = $70T + $50C

0

FIGURE 7.7
Four Isoprofit Lines
Plotted for the Flair
Furniture Company

We can now connect these two points with a straight line. This profit line is illustrated in
Figure 7.6. All points on the line represent feasible solutions that produce a profit of $2,100.*

Now, obviously, the isoprofit line for $2,100 does not produce the highest possible profit
to the firm. In Figure 7.7 we try graphing two more lines, each yielding a higher profit. The
middle equation, was plotted in the same fashion as the lower line.
When 

When 

 T = 40

 $2,800 = $70T + $501C2

C = 0,

 C = 56

 $2,800 = $70102 + $50C

T = 0,
$2,800 = $70T + $50C,
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Again, any combination of tables (T) and chairs (C) on this isoprofit line produces a total
profit of $2,800. Note that the third line generates a profit of $3,500, even more of an improve-
ment. The farther we move from the origin, the higher our profit will be. Another important
point is that these isoprofit lines are parallel. We now have two clues as to how to find the opti-
mal solution to the original problem. We can draw a series of parallel lines (by carefully moving
our ruler in a plane parallel to the first profit line). The highest profit line that still touches some
point of the feasible region pinpoints the optimal solution. Notice that the fourth line ($4,200) is
too high to be considered.

The last point that an isoprofit line would touch in this feasible region is the corner point
where the two constraint lines intersect, so this point will result in the maximum possible profit.
To find the coordinates of this point, solve the two equations simultaneously (as detailed in the
next section). This results in the point (30, 40) as shown in Figure 7.8. Calculating the profit at
this point, we get

So producing 30 tables and 40 chairs yields the maximum profit of $4,100.

Corner Point Solution Method
A second approach to solving LP problems employs the corner point method. This technique
is simpler conceptually than the isoprofit line approach, but it involves looking at the profit at
every corner point of the feasible region.

The mathematical theory behind LP states that an optimal solution to any problem (that is,
the values of T, C that yield the maximum profit) will lie at a corner point, or extreme point,
of the feasible region. Hence, it is only necessary to find the values of the variables at each cor-
ner; an optimal solution will lie at one (or more) of them.

The first step in the corner point method is to graph the constraints and find the feasible re-
gion. This was also the first step in the isoprofit method, and the feasible region is shown again
in Figure 7.9. The second step is to find the corner points of the feasible region. For the Flair
Furniture example, the coordinates of three of the corner points are obvious from observing the
graph. These are (0, 0), (50, 0), and (0, 80). The fourth corner point is where the two constraint
lines intersect, and the coordinates must be found algebraically by solving the two equations
simultaneously for two variables.

There are a number of ways to solve equations simultaneously, and any of these may be
used. We will illustrate the elimination method here. To begin the elimination method, select a
variable to be eliminated. We will select T in this example. Then multiply or divide one equation

Profit = 70T + 50C = 701302 + 501402 = $4,100

We draw a series of parallel
isoprofit lines until we find the
highest isoprofit line, that is, the
one with the optimal solution.

The mathematical theory behind
LP is that the optimal solution
must lie at one of the corner
points in the feasible region.
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FIGURE 7.8
Optimal Solution to the
Flair Furniture Problem
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FIGURE 7.9
Four Corner Points of the
Feasible Region

by a number so that the coefficient of that variable (T) in one equation will be the negative of the
coefficient of that variable in the other equation. The two constraint equations are

To eliminate T, we multiply the second equation by 

and then add it to the first equation:

or

Doing this has enabled us to eliminate one variable, T, and to solve for C. We can now substitute
40 for C in either of the original equations and solve for T. Let’s use the first equation. When

then

or

Thus, the last corner point is (30, 40).
The next step is to calculate the value of the objective function at each of the corner points.

The final step is to select the corner with the best value, which would be the highest profit in this
example. Table 7.3 lists these corners points with their profits. The highest profit is found to be
$4,100, which is obtained when 30 tables and 40 chairs are produced. This is exactly what was
obtained using the isoprofit method.

 T = 30

 4T = 120

 4T + 120 = 240

 4T + 1321402 = 240

C = 40,

C = 40

+ 4T + 3C = 240

+ 1C = 40

-212T + 1C = 1002 = -4T - 2C = -200

-2:

 2T + 1C = 100 1painting2

 4T + 3C = 240 1carpentry2
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Table 7.4 provides a summary of both the isoprofit method and the corner point method.
Either of these can be used when there are two decision variables. If a problem has more than
two decision variables, we must rely on the computer software or use the simplex algorithm
discussed in Module 7.

Slack and Surplus
In addition to knowing the optimal solution to a linear program, it is helpful to know whether all
of the available resources are being used. The term slack is used for the amount of a resource
that is not used. For a less-than-or-equal to constraint,

In the Flair Furniture example, there were 240 hours of carpentry time available. If the com-
pany decided to produce 20 tables and 25 chairs instead of the optimal solution, the amount of
carpentry time used would be So,

For the optimal solution to the Flair Furniture problem, the slack is 0 since all
240 hours are used.

The term surplus is used with greater-than-or-equal-to constraints to indicate the amount by
which the right-hand-side of a constraint is exceeded. For a greater-than-or-equal-to constraint,

Suppose there had been a constraint in the example that required the total number of tables
and chairs combined to be at least 42 units (i.e., ), and the company decided to
produce 20 tables and 25 chairs. The total amount produced would be so the
surplus would be

meaning that 3 units more than the minimum were produced. For the optimal solution (30, 40)
in the Flair Furniture problem, if this constraint had been in the problem, the surplus would be
70 - 42 = 28.

Surplus = 45 - 42 = 3

20 + 25 = 45,
T + C Ú 42

Surplus = 1Actual amount2 - 1Minimum amount2

130, 402

Slack time in carpentry = 240 - 155 = 85

41202 + 31252 = 155.14T + 3C2

Slack = 1Amount of resource available2 - 1Amount of resource used2

NUMBER OF TABLES (T) NUMBER OF CHAIRS (C) Profit � $70T � $50C

0 0 $0

50 0 $3,500

0 80 $4,000

30 40 $4,100

TABLE 7.3
Feasible Corner Points
and Profits for Flair
Furniture

ISOPROFIT METHOD

1. Graph all constraints and find the feasible region.

2. Select a specific profit (or cost) line and graph it to find the slope.

3. Move the objective function line in the direction of increasing profit (or decreasing cost) while
maintaining the slope. The last point it touches in the feasible region is the optimal solution.

4. Find the values of the decision variables at this last point and compute the profit (or cost).

CORNER POINT METHOD

1. Graph all constraints and find the feasible region.

2. Find the corner points of the feasible region.

3. Compute the profit (or cost) at each of the feasible corner points.

4. Select the corner point with the best value of the objective function found in step 3. This is
the optimal solution.

TABLE 7.4
Summaries of
Graphical Solution
Methods
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So the slack and surplus represent the difference between the left-hand side (LHS) and the
right-hand side (RHS) of a constraint. The term slack is used when referring to less-than-or-
equal-to constraints, and the term surplus is used when referring to greater-than-or-equal-to con-
straints. Most computer software for linear programming will provide the amount of slack and
surplus that exist for each constraint in the optimal solution.

A constraint that has zero slack or surplus for the optimal solution is called a binding
constraint. A constraint with positive slack or surplus for the optimal solution is called a
nonbinding constraint. Some computer output will specify whether a constraint is binding or
nonbinding.

7.5 Solving Flair Furniture’s LP Problem Using QM For Windows and Excel

Almost every organization has access to computer programs that are capable of solving enor-
mous LP problems. Although each computer program is slightly different, the approach each
takes toward handling LP problems is basically the same. The format of the input data and the
level of detail provided in output results may differ from program to program and computer to
computer, but once you are experienced in dealing with computerized LP algorithms, you can
easily adjust to minor changes.

Using QM for Windows
Let us begin by demonstrating QM for Windows on the Flair Furniture Company problem. To
use QM for Windows, select the Linear Programming module. Then specify the number of con-
straints (other than the nonnegativity constraints, as it is assumed that the variables must be non-
negative), the number of variables, and whether the objective is to be maximized or minimized.
For the Flair Furniture Company problem, there are two constraints and two variables. Once
these numbers are specified, the input window opens as shown in Program 7.1A. Then you can
enter the coefficients for the objective function and the constraints. Placing the cursor over the
X1 or X2 and typing a new name such as T and C will change the variable names. The constraint
names can be similarly modified. Program 7.1B shows the QM for Windows screen after the

Input the coefficients.

The equations will automatically 
be modifed when coefficients
are entered in the table.

Type over X1 and X2 
with new variable names.

Type new constraint names.

PROGRAM 7.1A
QM for Windows Linear
Programming Computer
Screen for Input of Data

Once the data is entered,
click Solve.

PROGRAM 7.1B
QM for Windows Data
Input for Flair Furniture
Problem
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The objective function value
is shown here.

Select Window and then Graph

The values of the variables
are shown here.

PROGRAM 7.1C
QM for Windows Output
for Flair Furniture
Problem

Select the objective function or
constraint to have it highlighted
on the graph.

The corner points and their
profits are shown here.

PROGRAM 7.1D
QM for Windows
Graphical Output for
Flair Furniture Problem

data has been input and before the problem is solved. When you click the Solve button, you get
the output shown in Program 7.1C. Modify the problem by clicking the Edit button and return-
ing to the input screen to make any desired changes.

Once the problem has been solved, a graph may be displayed by selecting Window—Graph
from the menu bar in QM for Windows. Program 7.1D shows the output for the graphical solu-
tion. Notice that in addition to the graph, the corner points and the original problem are also
shown. Later we return to see additional information related to sensitivity analysis that is pro-
vided by QM for Windows.

Using Excel’s Solver Command to Solve LP Problems
Excel 2010 (as well as earlier versions) has an add-in called Solver that can be used to solve lin-
ear programs. If this add-in doesn’t appear on the Data tab in Excel 2010, it has not been acti-
vated. See Appendix F for details on how to activate it.

PREPARING THE SPREADSHEET FOR SOLVER The spreadsheet must be prepared with data and
formulas for certain calculations before Solver can be used. Excel QM can be used to simplify
this process (see Appendix 7.1). We will briefly describe the steps, and further discussion and
suggestions will be provided when the Flair Furniture example is presented. Here is a summary
of the steps to prepare the spreadsheet:

1. Enter the problem data. The problem data consist of the coefficients of the objective func-
tion and the constraints, plus the RHS values for each of the constraints. It is best to organ-
ize this in a logical and meaningful way. The coefficients will be used when writing
formulas in steps 3 and 4, and the RHS will be entered into Solver.
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The signs for the constraints are
entered here for reference only.

The text in column A is combined with the text above the calculated
values and above the cells with the values of the variables in some
of the Solver output.

These cells are selected to contain the values of the decision variables.
Solver will enter the optimal solution here, but you may enter numbers
here also.

PROGRAM 7.2A
Excel Data Input for the
Flair Furniture Example

2. Designate specific cells for the values of the decision variables. Later, these cell addresses
will be input into Solver.

3. Write a formula to calculate the value of the objective function, using the coefficients 
for the objective function (from step 1) that you have entered and the cells containing 
the values of the decision variables (from step 2). Later, this cell address will be input
into Solver.

4. Write a formula to calculate the value of the left-hand-side (LHS) of each constraint, 
using the coefficients for the constraints (from step 1) that you have entered and the cells
containing the values of the decision variables (from step 2). Later, these cell addresses and
the cell addresses for the corresponding RHS value will be input into Solver.

These four steps must be completed in some way with all linear programs in Excel. Addi-
tional information may be put into the spreadsheet for clarification purposes. Let’s illustrate
these with an example. Helpful suggestions will be provided.

1. Enter the problem data. Program 7.2A contains input data for the Flair Furniture problem.
It is usually best to use one column for each variable and one row for each constraint.
Descriptive labels should be put in column A. Variable names or a description should be
put just above the cells for the solution, and the coefficients in the objective function and
constraints should be in the same columns as these names. For this example, T (Tables) and
C (Chairs), have been entered in cells B3 and C3. Just the words Tables and Chairs or just
the variables names T and C could have been used. The cells where the coefficients are to
be entered have been given a different background color (shading) and outlined with a bold
line to highlight them for this example.

Row 5 was chosen as the objective function row, and the words “Objective function”
were entered into column A. Excel will use these words in the output. The profit (objective
function coefficient) for each table is entered into B5, while the profit on each chair is
entered into C5. Similarly, the words Carpentry and Painting were entered into column A
for the carpentry and painting constraints. The coefficients for T and C in these constraints
are in rows 8 and 9. The RHS values are entered in the appropriate rows; the test RHS is en-
tered above the values, and this text will appear in the Solver output. Since both of these
constraints are constraints, the symbol has been entered in column E, next to the RHS
values. It is understood that the equality portion of is a part of the constraint. While it is
not necessary to have the signs for the constraints anywhere in the spreadsheet, having
them explicitly shown acts as a reminder for the user of the spreadsheet when entering the
problem into Solver.

162
…

6…
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The formula for the LHS of each constraint can be copied from cell D5. The $ signs
cause the cell addresses to remain unchanged when the cell (D5) is copied.

A 1 was entered as the value of
T and value of C to help find
obvious errors in the formulas.

The values of the variables are in B4
and C4, and the profits for these are
in cells B5 and C5. This formula will
calculate B4*B5+C4*C5, or 1(70)+
1(50), and return a value of 120.

PROGRAM 7.2B
Formulas for the Flair
Furniture Example

The words in column A and the words immediately above the input data are used in the
Solver output unless the cells or cell ranges are explicitly named in Excel. In Excel 2010,
names can be assigned by selecting Name Manager on the Formula tab.

2. Designate specific cells for the values of the decision variables. There must be one cell for
the value of T (cell C4) and one cell for the value of C (cell D4). These should be in the
row underneath the variable names, as the Solver output will associate the values to the text
immediately above (cells C3 and D3) the values unless the cells with the values have been
given other names using the Excel Name Manager.

3. Write a formula to calculate the value of the objective function. Before writing any formu-
las, it helps to enter a 1 as the value of each variable (cells B4 and C4). This will help to
see if the formula has any obvious errors. Cell D5 is selected as the cell for the objective
function value, although this cell could be anywhere. It is convenient to keep it in the
objective row with the objective function coefficients. The formula in Excel could be writ-
ten as =B4*B5+C4*C5. However, there is a function in Excel, SUMPRODUCT, that will
make this easier. Since the values in cells B4:C4 (from B4 to C4) are to be multiplied by
the values in cells B5:C5, the function would be written as =SUMPRODUCT(B4:C4,
B5:C5). This will cause the numbers in the first range (B4:C4) to be multiplied by the
numbers in the second range (B5:C5) on a term-by-term basis, and then these results will
be summed. Since a similar formula will be used for the LHS of the two constraints, it
helps to specify (using the $ symbol) that the addresses for the variables are absolute (as
opposed to relative) and should not be changed when the formula is copied. This final
function would be =SUMPRODUCT($B$4:$C$4,B5:C5), as shown in Program 7.2B.
When this is entered into cell D5, the value in that cell becomes 120 since there is a 1 in
cells B4 and D5, and the calculation from the SUMPRODUCT function would be

Program 7.2C shows the values that resulted from the formulas,
and a quick look at the profit per unit tells us we would expect the profit to be 120 if 1 unit
of each were made. Had B4:C4 been empty, cell D5 would have a value of 0. There are
many ways that a formula can be written incorrectly and result in a value of 0, and obvious
errors are not readily seen.

4. Write a formula to calculate the value of the LHS of each constraint. While individual formu-
las may be written, it is easier to use the SUMPRODUCT function used in step 3. It is even
easier to simply copy the formula in cell D5 and paste it into cells D8 and D9, as illustrated
in Program 7.2B. The first cell range, $B$4:$C$4, does not change since it is an absolute
address; the second range, B5:C5, does changes. Notice that the values in D8 and D9 are
what would be expected since T and C both have a value of 1.

11702 + 11502 = 120.
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Because there is a 1 in each of these cells,
the LHS values can be calculated very easily
to see if a mistake hase been made.

You can change these values to see how the 
profit and resource utilization change.

The problem is ready to use the Solver add-in.

PROGRAM 7.2C
Excel Spreadsheet for
the Flair Furniture
Example

If Solver does not appear on the Data tab, 
it has not been activated. See Appendix F 
for instructions on activating Solver.

From the Data tab, click Solver.

PROGRAM 7.2D
Starting Solver

The problem is now ready for the use of Solver. However, even if the optimal solution is not
found, this spreadsheet has benefits. You can enter different values for T and C into cells B4 and
C4 just to see how the resource utilization (LHS) and profit change.

USING SOLVER To begin using Solver, go to the Data tab in Excel 2010 and click Solver, as
shown in Program 7.2D. If Solver does not appear on the Data tab, see Appendix F for instruc-
tions on how to activate this add-in. Once you click Solver, the Solver Parameters dialog box
opens, as shown in Program 7.2E, and the following inputs should be entered, although the or-
der is not important:

1. In the Set Objective box, enter the cell address for the total profit (D5).

2. In the By Changing Cells box, enter the cell addresses for the variable values (B4:C4).
Solver will allow the values in these cells to change while searching for the best value in
the Set Objective cell reference.

3. Click Max for a maximization problem and Min for a minimization problem.

4. Check the box for Make Unconstrained Variables Non-Negative since the variables T and C
must be greater than or equal to zero.

5. Click the Select Solving Method button and select Simplex LP from the menu that appears.

6. Click Add to add the constraints. When you do this, the dialog box shown in Program 7.2F
appears.
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Enter the cell address
for the objective
function value.

Click and select Simplex LP
from the menu that appears.

Check this box to make the 
variables nonnegative.

Click Add to add the
constraints to Solver.
Constraints will
appear here.

Click Solve after constraints
have been added.

Specify the location of the
values for the variables.
Solver will put the optimal
values here.

PROGRAM 7.2E Solver Parameters Dialog Box

7. In the Cell Reference constraint, enter the cell references for the LHS values (D8:D9).
Click the button to open the drop-down menu to select which is for constraints.
Then enter the cell references for the RHS values (F8:F9). Since these are all less-than-or-
equal-to constraints, they can all be entered at one time by specifying the ranges. If there
were other types of constraints, such as constraints, you could click Add after entering
these first constraints, and the Add Constraint dialog box would allow you to enter
additional constraints. When preparing the spreadsheet for Solver, it is easier if all the
constraints are together and the constraints are together. When finished entering all the
constraints, click OK. The Add Constraint dialog box closes, and the Solver Parameters
dialog box reopens.

8. Click Solve on the Solver Parameters dialog box, and the solution is found. The 
Solver Results dialog box opens and indicates that a solution was found, as shown 
in Program 7.2G. In situations where there is no feasible solution, this box will 
indicate this. Additional information may be obtained from the Reports section of 
this as will be seen later. Program 7.2H shows the results of the spreadsheet with the
optimal solution.

Ú

…

Ú

…6 = ,

M07_REND2868_00_SE_C07 pp4.QXD  2/1/11  12:05 PM  Page 288



7.6 SOLVING MINIMIZATION PROBLEMS 289

PROGRAM 7.2G
Solver Results 
Dialog Box

Enter the address for the
LHS of the constraints.
These may be entered
one at a time or all
together if they are of the
same type (e.g, all<or all>).

Enter the address for the
RHS of the constraints.

Click OK when finished. Click button to select the type of constraint relationship.

PROGRAM 7.2F
Solver Add Constraint
Dialog Box

The optimal solution is T=30, C=40, profit=4100.

The hours used are given here.

PROGRAM 7.2H
Solution Found by Solver

7.6 Solving Minimization Problems

Many LP problems involve minimizing an objective such as cost instead of maximizing a
profit function. A restaurant, for example, may wish to develop a work schedule to meet
staffing needs while minimizing the total number of employees. A manufacturer may seek
to distribute its products from several factories to its many regional warehouses in such 
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COMPOSITION OF EACH POUND
MINIMUM MONTHLYOF FEED (OZ.)
REQUIREMENT PER

INGREDIENT BRAND 1 FEED BRAND 2 FEED TURKEY (OZ.)

A 5 10 90

B 4 3 48

C 0.5 0 1.5

Cost per pound 2 cents 3 cents

TABLE 7.5
Holiday Meal Turkey
Ranch Data

a way as to minimize total shipping costs. A hospital may want to provide a daily meal plan
for its patients that meets certain nutritional standards while minimizing food purchase
costs.

Minimization problems can be solved graphically by first setting up the feasible solution
region and then using either the corner point method or an isocost line approach (which is anal-
ogous to the isoprofit approach in maximization problems) to find the values of the decision
variables (e.g., and ) that yield the minimum cost. Let’s take a look at a common LP prob-
lem referred to as the diet problem. This situation is similar to the one that the hospital faces in
feeding its patients at the least cost.

Holiday Meal Turkey Ranch
The Holiday Meal Turkey Ranch is considering buying two different brands of turkey feed and
blending them to provide a good, low-cost diet for its turkeys. Each feed contains, in varying
proportions, some or all of the three nutritional ingredients essential for fattening turkeys. Each
pound of brand 1 purchased, for example, contains 5 ounces of ingredient A, 4 ounces of ingre-
dient B, and 0.5 ounce of ingredient C. Each pound of brand 2 contains 10 ounces of ingredient
A, 3 ounces of ingredient B, but no ingredient C. The brand 1 feed costs the ranch 2 cents a
pound, while the brand 2 feed costs 3 cents a pound. The owner of the ranch would like to use
LP to determine the lowest-cost diet that meets the minimum monthly intake requirement for
each nutritional ingredient.

Table 7.5 summarizes the relevant information. If we let

then we may proceed to formulate this linear programming problem as follows:

subject to these constraints:

Before solving this problem, we want to be sure to note three features that affect its solu-
tion. First, you should be aware that the third constraint implies that the farmer must purchase
enough brand 1 feed to meet the minimum standards for the C nutritional ingredient. Buying
only brand 2 would not be feasible because it lacks C. Second, as the problem is formulated, we

 X2 Ú 0   1nonnegativity constraint2

 X1 Ú 0   1nonnegativity constraint2

 0.5 X1 Ú 1.5 ounces 1ingredient C constraint2

 4X1 + 3X2 Ú 48 ounces  1ingredient B constraint2

 5X1 + 10X2 Ú 90 ounces  1ingredient A constraint2

Minimize cost 1in cents2 = 2X1 + 3X2

 X2 = number of pounds of brand 2 feed purchased

 X1 = number of pounds of brand 1 feed purchased

X2X1
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will be solving for the best blend of brands 1 and 2 to buy per turkey per month. If the ranch
houses 5,000 turkeys in a given month, it need simply multiply the X1 and X2 quantities by 5,000
to decide how much feed to order overall. Third, we are now dealing with a series of greater-
than-or-equal-to constraints. These cause the feasible solution area to be above the constraint
lines in this example.

USING THE CORNER POINT METHOD ON A MINIMIZATION PROBLEM To solve the Holiday Meal
Turkey Ranch problem, we first construct the feasible solution region. This is done by plotting
each of the three constraint equations as in Figure 7.10. Note that the third constraint,

can be rewritten and plotted as (This involves multiplying both sides of
the inequality by 2 but does not change the position of the constraint line in any way.) Minimiza-
tion problems are often unbounded outward (i.e., on the right side and on top), but this causes
no difficulty in solving them. As long as they are bounded inward (on the left side and the bot-
tom), corner points may be established. The optimal solution will lie at one of the corners as it
would in a maximization problem.

In this case, there are three corner points: a, b, and c. For point a, we find the coordi-
nates at the intersection of the ingredient C and B constraints, that is, where the line 
crosses the line If we substitute into the B constraint equation,
we get

or

Thus, point a has the coordinates 
To find the coordinates of point b algebraically, we solve the equations 

and simultaneously. This yields 1X1 = 8.4, X2 = 4.82.5X1 + 10X2 = 90
4X1 + 3X2 = 48

1X1 = 3, X2 = 122.

X2 = 12

4132 + 3X2 = 48

X1 = 34X1 + 3X2 = 48.
X1 = 3

X1 Ú 3.0.5 X1 Ú 1.5,
We plot the three constraints to
develop a feasible solution region
for the minimization problem.

ProRail Uses Mixed-Integer Linear Programming
to Improve Workers’ Safety in Track Maintenance

Rail track maintenance is a dangerous job, and after several
fatal accidents in the 1990s, it became a political priority in the
Netherlands. The Dutch rail system included more than 6,500 km
of operational railways, approximately 3,000 switches and
handled about 5,000 trains a day. There was very limited safe
time—that is, time when no trains were around and therefore
few fatalities—for maintenance.

In 2000, the government decided to address the issue and
delegated the management of the infrastructures to ProRail.
The company started to develop a system that included a four-
week cyclic maintenance schedule for the very busy (and trou-
bled) main lines. In addition, it used operational research to
improve the safety standards and the overall reliability of
the railways. One key decision was to shift from corrective
maintenance of faulty rails to regular preventive maintenance to

minimize the number of interventions performed. Also, in order
to avoid disruptions to passengers on the main lines, ProRail
grouped trains in different batches in a two-step solution ap-
proach and carried out maintenance 90% of the time at night.

The system developed to construct the working schedule
was based on a mixed-integer linear programming model
which minimized the nights on which the maintenance is car-
ried out. The result of this highly innovative system, which had
never been implemented in Europe before, was a huge im-
provement in the safety standards and more efficient allocation
of the workload, which in turn made net savings possible. The
implementation of the system is now being extended to other
operation zones.

Source: Van Zante et al. “The Netherlands Schedules Track Maintenance to
Improve Track Workers’ Safety,” Interfaces 37, 2 (March–April, 2007): 133–142.

IN ACTION

Note that minimization problems
often have unbounded feasible
regions.
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FIGURE 7.10
Feasible Region for the
Holiday Meal Turkey
Ranch Problem

The coordinates at point c are seen by inspection to be We now evalu-
ate the objective function at each corner point, and we get

Hence, the minimum cost solution is to purchase 8.4 pounds of brand 1 feed and 4.8 pounds of
brand 2 feed per turkey per month. This will yield a cost of 31.2 cents per turkey.

ISOCOST LINE APPROACH As mentioned before, the isocost line approach may also be used to
solve LP minimization problems such as that of the Holiday Meal Turkey Ranch. As with
isoprofit lines, we need not compute the cost at each corner point, but instead draw a series of
parallel cost lines. The lowest cost line (that is, the one closest in toward the origin) to touch the
feasible region provides us with the optimal solution corner.

For example, we start in Figure 7.11 by drawing a 54-cent cost line, namely 
Obviously, there are many points in the feasible region that would yield a lower

total cost. We proceed to move our isocost line toward the lower left, in a plane parallel to the
54-cent solution line. The last point we touch while still in contact with the feasible region is the
same as corner point b of Figure 7.10. It has the coordinates and an asso-
ciated cost of 31.2 cents.

COMPUTER APPROACH For the sake of completeness, we also solve the Holiday Meal Turkey
Ranch problem using the QM for Windows software package (see Program 7.3) and with
Excel’s Solver function (see Programs 7.4A and 7.4B).

1X1 = 8.4, X2 = 4.82

2X1 + 3X2.
54 =

 Cost at point c = 21182 + 3102 = 36

 Cost at point b = 218.42 + 314.82 = 31.2

 Cost at point a = 2132 + 31122 = 42

 Cost = 2X1 + 3X2

1X1 = 18, X2 = 02.

The isocost line method is
analogous to the isoprofit line
method we used on maximization
problems.
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FIGURE 7.11
Graphical Solution to the
Holiday Meal Turkey
Ranch Problem Using the
Isocost Line

PROGRAM 7.3
Solving the Holiday Meal
Turkey Ranch Problem
Using QM for Windows
Software

Set Objective cell is D5.Specify Min for minimization.

Changing cells are B4:C4.

Check Variables Non-negative.

Select Simplex LP.

Click Add to enter
�the constraints.

PROGRAM 7.4A
Excel 2010 Spreadsheet
for the Holiday Meal
Turkey Ranch Problem
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Notice that there is a surplus for
ingredient C as LHS>RHS.

PROGRAM 7.4B
Excel 2010 Solution for
the Holiday Meal Turkey
Ranch Problem

Region Satisfying First Two Constraints

2 X1

X2

0

2
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8

4 6 8

Region Satisfying
Third Constraint

FIGURE 7.12
A Problem with No
Feasible Solution

Lack of a feasible solution region
can occur if constraints conflict
with one another.

7.7 Four Special Cases in LP

Four special cases and difficulties arise at times when using the graphical approach to solving
LP problems: (1) infeasibility, (2) unboundedness, (3) redundancy, and (4) alternate optimal
solutions.

No Feasible Solution
When there is no solution to an LP problem that satisfies all of the constraints given, then no
feasible solution exists. Graphically, it means that no feasible solution region exists—a situation
that might occur if the problem was formulated with conflicting constraints. This, by the way,
is a frequent occurrence in real-life, large-scale LP problems that involve hundreds of con-
straints. For example, if one constraint is supplied by the marketing manager who states that at
least 300 tables must be produced (namely, ) to meet sales demand, and a second re-
striction is supplied by the production manager, who insists that no more than 220 tables be pro-
duced (namely, ) because of a lumber shortage, no feasible solution region results.
When the operations research analyst coordinating the LP problem points out this conflict, one
manager or the other must revise his or her inputs. Perhaps more raw materials could be pro-
cured from a new source, or perhaps sales demand could be lowered by substituting a different
model table to customers.

As a further graphic illustration of this, let us consider the following three constraints:

As seen in Figure 7.12, there is no feasible solution region for this LP problem because of the
presence of conflicting constraints.

 X1 Ú 7

 2X1 + X2 … 8

 X1 + 2X2 … 6

X1 … 220

X1 Ú 300
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When the profit in a maximization
problem can be infinitely large, the
problem is unbounded and is
missing one or more constraints.

Unboundedness
Sometimes a linear program will not have a finite solution. This means that in a maximization
problem, for example, one or more solution variables, and the profit, can be made infinitely large
without violating any constraints. If we try to solve such a problem graphically, we will note that
the feasible region is open ended.

Let us consider a simple example to illustrate the situation. A firm has formulated the fol-
lowing LP problem:

As you see in Figure 7.13, because this is a maximization problem and the feasible region
extends infinitely to the right, there is unboundedness, or an unbounded solution. This implies
that the problem has been formulated improperly. It would indeed be wonderful for the com-
pany to be able to produce an infinite number of units of (at a profit of $3 each!), but obvi-
ously no firm has infinite resources available or infinite product demand.

Redundancy
The presence of redundant constraints is another common situation that occurs in large LP for-
mulations. Redundancy causes no major difficulties in solving LP problems graphically, but
you should be able to identify its occurrence. A redundant constraint is simply one that does not
affect the feasible solution region. In other words, one constraint may be more binding or
restrictive than another and thereby negate its need to be considered.

Let’s look at the following example of an LP problem with three constraints:

X1, X2 Ú 0

X1 … 25

2X1 + X2 … 30

X1 + X2 … 20subject to

Maximize profit = $1X1 + $2X2

X1

X1, X2 Ú 0

X1 + 2X2 Ú 10

X2 … 10

X1            Ú 5subject to

Maximize profit = $3X1 + $5X2

A redundant constraint is one
that does not affect the feasible
solution region.

5 X1

X2

0

Feasible Region

10 15

5

10

15

X  + 2X   ≥ 101 2

X   ≤ 102

X  ≥ 51

FIGURE 7.13
A Feasible Region that Is
Unbounded to the Right
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FIGURE 7.14
Problem with a
Redundant Constraint

The third constraint, is redundant and unnecessary in the formulation and solution of
the problem because it has no effect on the feasible region set from the first two more restrictive
constraints (see Figure 7.14).

Alternate Optimal Solutions
An LP problem may, on occasion, have two or more alternate optimal solutions. Graphically,
this is the case when the objective function’s isoprofit or isocost line runs perfectly parallel to
one of the problem’s constraints—in other words, when they have the same slope.

Management of a firm noticed the presence of more than one optimal solution when they
formulated this simple LP problem:

As we see in Figure 7.15, our first isoprofit line of $8 runs parallel to the constraint equation.
At a profit level of $12, the isoprofit line will rest directly on top of the segment of the first con-
straint line. This means that any point along the line between A and B provides an optimal 
and combination. Far from causing problems, the existence of more than one optimal solu-
tion allows management great flexibility in deciding which combination to select. The profit
remains the same at each alternate solution.

X2

X1

X1, X2 Ú 0

X1 … 3

6X1 + 4X2 … 24subject to

Maximize profit = $3X1 + $2X2

X1 … 25,

Multiple optimal solutions are
possible in LP problems.

7.8 Sensitivity Analysis

Optimal solutions to LP problems have thus far been found under what are called deterministic
assumptions. This means that we assume complete certainty in the data and relationships of a
problem—namely, prices are fixed, resources known, time needed to produce a unit exactly set.
But in the real world, conditions are dynamic and changing. How can we handle this apparent
discrepancy?
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FIGURE 7.15
Example of Alternate
Optimal Solutions

How sensitive is the optimal
solution to changes in profits,
resources, or other input
parameters?

One way we can do so is by continuing to treat each particular LP problem as a determin-
istic situation. However, when an optimal solution is found, we recognize the importance of
seeing just how sensitive that solution is to model assumptions and data. For example, if a
firm realizes that profit per unit is not $5 as estimated but instead is closer to $5.50, how will
the final solution mix and total profit change? If additional resources, such as 10 labor hours
or 3 hours of machine time, should become available, will this change the problem’s answer?
Such analyses are used to examine the effects of changes in three areas: (1) contribution rates
for each variable, (2) technological coefficients (the numbers in the constraint equations), and
(3) available resources (the right-hand-side quantities in each constraint). This task is alterna-
tively called sensitivity analysis, postoptimality analysis, parametric programming, or
optimality analysis.

Sensitivity analysis also often involves a series of what-if? questions. What if the profit on
product 1 increases by 10%? What if less money is available in the advertising budget con-
straint? What if workers each stay one hour longer every day at 1 1/2-time pay to provide in-
creased production capacity? What if new technology will allow a product to be wired in
one-third the time it used to take? So we see that sensitivity analysis can be used to deal not only
with errors in estimating input parameters to the LP model but also with management’s experi-
ments with possible future changes in the firm that may affect profits.

There are two approaches to determining just how sensitive an optimal solution is to
changes. The first is simply a trial-and-error approach. This approach usually involves resolving
the entire problem, preferably by computer, each time one input data item or parameter is
changed. It can take a long time to test a series of possible changes in this way.

The approach we prefer is the analytic postoptimality method. After an LP problem has
been solved, we attempt to determine a range of changes in problem parameters that will not af-
fect the optimal solution or change the variables in the solution. This is done without resolving
the whole problem.

Let’s investigate sensitivity analysis by developing a small production mix problem. Our
goal will be to demonstrate graphically and through the simplex tableau how sensitivity analysis
can be used to make linear programming concepts more realistic and insightful.

An important function of
sensitivity analysis is to allow
managers to experiment with
values of the input parameters.

Postoptimality analysis means
examining changes after the
optimal solution has been
reached.
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High Note Sound Company
The High Note Sound Company manufactures quality compact disc (CD) players and stereo re-
ceivers. Each of these products requires a certain amount of skilled artisanship, of which there is
a limited weekly supply. The firm formulates the following LP problem in order to determine
the best production mix of CD players and receivers 

The solution to this problem is illustrated graphically in Figure 7.16. Given this information and
deterministic assumptions, the firm should produce only stereo receivers (20 of them), for a
weekly profit of $2,400.

For the optimal solution, the electrician hours used are

and this equals the amount available, so there is 0 slack for this constraint. Thus, it is a binding
constraint. If a constraint is binding, obtaining additional units of that resource will usually re-
sult in higher profits. The audio technician hours used are for the optimal solution (0, 20) are

but the hours available are 60. Thus, there is a slack of hours. Because there are
extra hours available that are not being used, this is a nonbinding constraint. For a nonbinding
constraint, obtaining additional units of that resource will not result in higher profits and will
only increase the slack.

Changes in the Objective Function Coefficient
In real-life problems, contribution rates (usually profit or cost) in the objective functions fluctu-
ate periodically, as do most of a firm’s expenses. Graphically, this means that although the feasi-
ble solution region remains exactly the same, the slope of the isoprofit or isocost line will

60 - 20 = 40

3X1 + 1X2 = 3102 + 11202 = 20

2X1 + 4X2 = 2102 + 41202 = 80

10, 202,

X1, X2 Ú 0

1hours of audio technicians’ time available23X1 + 1X2 … 60

1hours of electricians’ time available2    2X1 + 4X2 … 80subject to

= $50X1 + $120X2Maximize profit

1X22:1X12
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(CD players)

FIGURE 7.16
High Note Sound
Company Graphical
Solution

Changes in contribution rates
are examined first.
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FIGURE 7.17
Changes in the Receiver Contribution Coefficients

change. It is easy to see in Figure 7.17 that the High Note Sound Company’s profit line is opti-
mal at point a. But what if a technical breakthrough just occurred that raised the profit per stereo
receiver from $120 to $150? Is the solution still optimal? The answer is definitely yes, for
in this case the slope of the profit line accentuates the profitability at point a. The new profit is

On the other hand, if ’s profit coefficient was overestimated and should only have been
$80, the slope of the profit line changes enough to cause a new corner point (b) to become opti-
mal. Here the profit is 

This example illustrates a very important concept about changes in objective function
coefficients. We can increase or decrease the objective function coefficient (profit) of any
variable, and the current corner point may remain optimal if the change is not too large.
However, if we increase or decrease this coefficient by too much, then the optimal solution
would be at a different corner point. How much can the objective function coefficient change
before another corner point becomes optimal? Both QM for Windows and Excel provide the
answer.

QM for Windows and Changes in Objective Function Coefficients
The QM for Windows input for the High Note Sound Company example is shown in Pro-
gram 7.5A. When the solution has been found, selecting Window and Ranging allows us to
see additional information on sensitivity analysis. Program 7.5B provides the output related
to sensitivity analysis.

$1,760 = 161$502 + 121$802.

X2

$3,000 = 01$502 + 201$1502.

1X22

A new corner point becomes
optimal if an objective function
coefficient is decreased or
increased too much.
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From Program 7.5B, we see the profit on CD players was $50, which is indicated as the
original value in the output. This objective function coefficient has a lower bound of negative
infinity and an upper bound of $60. This means that the current corner point solution remains
optimal as long as the profit on CD players does not go above $60. If it equals $60, there would
be two optimal solutions as the objective function would be parallel to the first constraint. The
points (0, 20) and (16, 12) would both give a profit of $2,400. The profit on CD players may
decrease any amount as indicated by the negative infinity, and the optimal corner point does not
change. This negative infinity is logical because currently there are no CD players being pro-
duced because the profit is too low. Any decrease in the profit on CD players would make them
less attractive relative to the receivers, and we certainly would not produce any CD players
because of this.

The profit on receivers has an upper bound of infinity (it may increase by any amount) and
a lower bound of $100. If this profit equaled $100, then the corner points (0, 20) and (16, 12)
would both be optimal. The profit at each of these would be $2,000.

In general, a change can be made to one (and only one) objective function coefficient, and
the current optimal corner point remains optimal as long as the change is between the Upper
and Lower Bounds. If two or more coefficients are changed simultaneously, then the problem
should be solved with the new coefficients to determine whether or not this current solution
remains optimal.

Excel Solver and Changes in Objective Function Coefficients
Program 7.6A illustrates how the Excel 2010 spreadsheet for this example is set up for Solver.
When Solver is selected from the Data tab, the appropriate inputs are made, and Solve is
clicked in the Solver dialog box, the solution and the Solver Results window will appear as in
Program 7.6B. Selecting Sensitivity from the reports area of this window will provide a Sensi-
tivity Report on a new worksheet, with results as shown in Program 7.6C. Note how the cells
are named based on the text from Program 7.6A. Notice that Excel does not provide lower
bounds and upper bounds for the objective function coefficients. Instead, it gives the allowable
increases and decreases for these. By adding the allowable increase to the current value, we
may obtain the upper bound. For example, the Allowable Increase on the profit (objective coef-
ficient) for CD players is 10, which means that the upper bound on this profit is

Similarly, we may subtract the allowable decrease from the current value
to obtain the lower bound.

Changes in the Technological Coefficients
Changes in what are called the technological coefficients often reflect changes in the state
of technology. If fewer or more resources are needed to produce a product such as a CD
player or stereo receiver, coefficients in the constraint equations will change. These changes

$50 + $10 = $60.

PROGRAM 7.5A
Input to QM for
Windows for High Note
Sound Company Data

PROGRAM 7.5B
High Note Sound
Company’s LP Sensitivity
Analysis Output Using
Input from Program 7.5A

The current solution remains
optimal unless an objective
function coefficient is increased
to a value above the upper bound
or decreased to a value below the
lower bound.

The upper and lower bounds
relate to changing only one
coefficient at a time.

Excel solver gives allowable
increases and decreases rather
than upper and lower bounds.

Changes in technological
coefficients affect the shape of
the feasible solution region.
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The Changing Variable cells in the Solver dialog box are B4:C4.

The constraints added into Solver will be D8:D9 <=F8:F9.

The Set Objective cell in the Solver dialog box is D5.

PROGRAM 7.6A
Excel 2010 Spreadsheet
for High Note Sound
Company

The solution found by Solver is here.

To see the sensitivity analysis report, select
Sensitivity in the Solver Results window.
Then click OK.

PROGRAM 7.6B
Excel 2010 Solution and
Solver Results Window
for High Note Sound
Company

The names presented in the Sensitivity Report combine the text in column A and the text
above the data, unless the cells have been named using the Name Manager from the 
Formulas tab.

The profit on CD may change by these amounts, and
the current corner point will remain optimal.

The resources used are here. The RHS can change by
these amounts, and the shadow price will still be relevant.

PROGRAM 7.6C
Excel 2010 Sensitivity
Report for High Note
Sound Company
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FIGURE 7.18
Change in the Technological Coefficients for the High Note Sound Company

will have no effect on the objective function of an LP problem, but they can produce a sig-
nificant change in the shape of the feasible solution region, and hence in the optimal profit
or cost.

Figure 7.18 illustrates the original High Note Sound Company graphical solution as well as
two separate changes in technological coefficients. In Figure 7.18, Part (a), we see that the opti-
mal solution lies at point a, which represents You should be able to prove to
yourself that point a remains optimal in Figure 7.18, Part (b) despite a constraint change from

to Such a change might take place when the firm discov-
ers that it no longer demands three hours of audio technicians’ time to produce a CD player, but
only two hours.

In Figure 7.18, Part (c), however, a change in the other constraint changes the shape of the
feasible region enough to cause a new corner point (g) to become optimal. Before moving on,
see if you reach an objective function value of $1,954 profit at point g (versus a profit of $1,920
at point f).*

Changes in the Resources or Right-Hand-Side Values
The right-hand-side values of the constraints often represent resources available to the firm. The
resources could be labor hours or machine time or perhaps money or production materials avail-
able. In the High Note Sound Company example, the two resources are hours available of elec-
tricians’ time and hours of audio technicians’ time. If additional hours were available, a higher
total profit could be realized. How much should the company be willing to pay for additional
hours? Is it profitable to have some electricians work overtime? Should we be willing to pay for
more audio technician time? Sensitivity analysis about these resources will help us answer these
questions.

2X1 + 1X2 … 60.3X1 + 1X2 … 60

X1 = 0, X2 = 20.

*Note that the values of and at point g are fractions. Although the High Note Sound Company cannot produce
0.67, 0.75, or 0.90  of a CD player or stereo, we can assume that the firm can begin a unit one week and complete it
the next. As long as the production process is fairly stable from week to week, this raises no major problems. If solu-
tions must be whole numbers each period, refer to our discussion of integer programming in Chapter 10 to handle the
situation.

X2X1
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Hutchinson Port Holding Uses LP to
Schedule Containers Transportation

Hongkong International Terminals (HIT) is a subsidiary of
Hutchison Port Holding (HPH), one of the most successful con-
tainer port operators in the world, operating a total of 187 berths
in 17 countries, including the world-famous Panama Canal. In
Hong Kong, HIT handles about one-third of the 20 million TEUs
of the territory, and it was the third-busiest port in the world in
2009. While the container industry is hugely profitable, operators
are affected by its extreme volatility, as they depend heavily on
the trends of international trade; in recessions, they can be se-
verely hit. During the crisis of 2007–2009, for instance, the price
of an Aframax oil tanker rated for 80,000 tons of cargo (an indus-
try standard) made a staggering drop from $50,000 per day to
$5,500 per day. Some of the old ships were sold as scrap, and
ghost fleets started to harbor idly just outside the major Asian
ports, HIT included. In addition, with the increasing availability of
deep-water port facilities in Asia, competition is fierce.

A port operator must be able to track containers and to
schedule operations efficiently. This issue is especially important
at HIT, where space is always at a premium. To manage these
challenges, in 1995 HIT decided to develop a management
system called 3P (Productivity Plus Program) that used linear
programming algorithms to apply a decision-support system
capable of making operational decisions in conditions of uncer-
tainty. In the 10 years after its implementation, 3P helped make
HIT the most efficient and flexible terminal in operation, rivaled
only by operations in Singapore. The net savings for HIT equal ap-
proximately $100 million per year, and HPH saves an additional
$54 million per year at their other ports.

Source: K. G. Murty, et al. “Hongkong International Terminals Gains Elastic
Capacity Using a Data-Intensive Decision-Support System,” Interfaces 35, 
1 (January–February 2005): 61–75; S. Parry, “The Ghost Fleet of the Re-
cession Anchored Just East of Singapore,” Daily Mail, September 28, 2009,
available at www.dailymail.co.uk/home/moslive/article-1212013/.

IN ACTION

If the right-hand side of a constraint is changed, the feasible region will change (unless
the constraint is redundant), and often the optimal solution will change. In the High Note
Sound Company example, there were 80 hours of electrician time available each week and
the maximum possible profit was $2,400. There is no slack for this constraint, so it is a bind-
ing constraint. If the available electricians’ hours are increased to 100 hours, the new opti-
mal solution seen in Figure 7.19, part (a) is (0, 25) and the profit is $3,000. Thus, the extra
20 hours of time resulted in an increase in profit of $600 or $30 per hour. If the hours were
decreased to 60 hours as shown in Figure 7.19, part (b), the new optimal solution is (0, 15)
and the profit is $1,800. Thus, reducing the hours by 20 results in a decrease in profit of $600
or $30 per hour. This $30 per hour change in profit that resulted from a change in the hours
available is called the dual price or dual value. The dual price for a constraint is the im-
provement in the objective function value that results from a one-unit increase in the right-
hand side of the constraint.

The dual price of $30 per hour of electrician time tells us we can increase profit if we have
more electrician hours. However, there is a limit to this as there is limited audio technician time.
If the total hours of electrician time were 240 hours, the optimal solution would be (0, 60) as
shown in Figure 7.19, part (c) and the profit would be $7,200. Again, this is an increase of $30
profit per hour (the dual price) for each of the 160 hours that were added to the original amount.
If the number of hours increased beyond 240, then profit would no longer increase and the opti-
mal solution would still be (0, 60) as shown in Figure 7.19, part (c). There would simply be
excess (slack) hours of electrician time and all of the audio technician time would be used. Thus,
the dual price is relevant only within limits. Both QM for Windows and Excel Solver provide
these limits.

QM for Windows and Changes in Right-Hand-Side Values
The QM for Windows sensitivity analysis output was shown in Program 7.5B. The dual value
for the electrician hours constraint is given as 30, and the lower bound is zero while the upper
bound is 240. This means that each additional hour of electrician time, up to a total of 240 hours,

The value of one additional unit
of a scarce resource may be
found from the dual price.
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Dual prices will change if the
amount of the resource (the
right-hand side of the constraint)
goes above the upper bound or
below the lower bound given in
the Ranging section of the QM
for Windows output.

20 40 60
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20

0 X 1

X 2

Constraint Representing 60 Hours of
Audio Technicians’ Time Resource

25

50
c

b

a

Changed Constraint Representing 100 Hours
of Electricians’ Time Resource

(  )a
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20

0 X 1

X 2

Constraint Representing 60 Hours of
Audio Technicians’ Time Resource
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30
c

b

a
Changed Constraint Representing 60 Hours
of Electricians’ Time Resource

(  )b

80 100 12060
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40200 X1
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Changed Constraint Representing 240
Hours of Electricians’ Time Resource

(c )

Constraint
Representing
60 Hours of Audio
Technicians’ 
Time Resource

FIGURE 7.19
Changes in the
Electricians’ Time
Resource for the High
Note Sound Company

will increase the maximum possible profit by $30. Similarly, if the available electrician time is
decreased, the maximum possible profit will decrease by $30 per hour until the available time is
decreased to the lower bound of 0. If the amount of electrician time (the right-hand-side value
for this constraint) is outside this range (0 to 240), then the dual value is no longer relevant and
the problem should be resolved with the new right-hand-side value.

In Program 7.5B, the dual value for audio technician hours is shown to be $0 and the slack
is 40, so it is a nonbinding constraint. There are 40 hours of audio technician time that are not
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being used despite the fact that they are currently available. If additional hours were made avail-
able they would not increase profit but would simply increase the amount of slack. This dual
value of zero is relevant as long as the right-hand side does not go below the lower bound of 20.
The upper limit is infinity indicating that adding more hours would simply increase the amount
of slack.

Excel Solver and Changes in Right-Hand-Side Values
The Sensitivity report from Excel Solver was shown in Program 7.6C. Notice that Solver gives
the shadow price instead of the dual price. A shadow price is the change in the objective func-
tion value (e.g., profit or cost) that results from a one-unit increase in the right-hand-side of a
constraint.

Since an improvement in the objective function value in a maximization problem is the
same as a positive change (increase), the dual price and the shadow price are exactly the same
for maximization problems. For a minimization problem, an improvement in the objective func-
tion value is a decrease, which is a negative change. So for minimization problems, the shadow
price will be the negative of the dual price.

The Allowable Increase and Allowable Decrease for the right-hand side of each constraint
is provided, and the shadow price is relevant for changes within these limits. For the electrician
hours, the right-hand-side value of 80 may be increased by 160 (for a total of 240) or decreased
by 80 (for a total of 0) and the shadow price remains relevant. If a change is made that exceeds
these limits, then the problem should be resolved to find the impact of the change.

The shadow price is the same as
the dual price in maximization
problems.

Summary

In this chapter we introduce a mathematical modeling tech-
nique called linear programming (LP). It is used in reaching an
optimum solution to problems that have a series of constraints
binding the objective. We use both the corner point method and
the isoprofit/isocost approaches for graphically solving prob-
lems with only two decision variables.

The graphical solution approaches of this chapter provide
a conceptual basis for tackling larger, more complex problems,
some of which are addressed in Chapter 8. To solve real-life LP
problems with numerous variables and constraints, we need a
solution procedure such as the simplex algorithm, the subject
of Module 7. The simplex algorithm is the method that QM for
Windows and Excel use to tackle LP problems.

In this chapter we also present the important concept of
sensitivity analysis. Sometimes referred to as postoptimality
analysis, sensitivity analysis is used by management to answer
a series of what-if? Questions about LP model parameters. It
also tests just how sensitive the optimal solution is to changes
in profit or cost coefficients, technological coefficients, and
right-hand-side resources. We explored sensitivity analysis
graphically (i.e., for problems with only two decision variables)
and with computer output, but to see how to conduct sensitivity
algebraically through the simplex algorithm, read Module 7
(located at www.pearsonglobaleditions.com/render).

Glossary

Alternate Optimal Solution A situation in which more than
one optimal solution is possible. It arises when the slope of
the objective function is the same as the slope of a
constraint.

Binding Constraint A constraint with zero slack or surplus
for the optimal solution.

Constraint A restriction on the resources available to a firm
(stated in the form of an inequality or an equation).

Corner Point, or Extreme Point A point that lies on one of
the corners of the feasible region. This means that it falls at
the intersection of two constraint lines.

Corner Point Method The method of finding the optimal
solution to an LP problem by testing the profit or cost level
at each corner point of the feasible region. The theory of LP
states that the optimal solution must lie at one of the corner
points.

Decision Variable A variable whose value may be chosen
by the decision maker.

Dual Price (value) The improvement in the objective func-
tion value that results from a one-unit increase in the right-
hand side of that constraint.

Feasible Region The area satisfying all of the problem’s
resource restrictions; that is, the region where all
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Solved Problems

Solved Problem 7-1
Personal Mini Warehouses is planning to expand its successful Orlando business into Tampa. In doing
so, the company must determine how many storage rooms of each size to build. Its objective and con-
straints follow:

where

number of large spaces developed

number of small spaces developed

Solution
An evaluation of the five corner points of the accompanying graph indicates that corner point C pro-
duces the greatest earnings. Refer to the graph and table.

X2 =

X1 =

 X1, X2 Ú  0

1rental limit expected2 X1 … 60

1square footage required2 100X1 + 50X2 … 8,000

1advertising budget available22X1 + 4X2 … 400 subject to

 Maximize monthly earnings = 50X1 + 20X2

constraints overlap. All possible solutions to the problem
lie in the feasible region.

Feasible Solution A point lying in the feasible region.
Basically, it is any point that satisfies all of the problem’s
constraints.

Inequality A mathematical expression containing a greater-
than-or-equal-to relation or a less-than-or-equal-to
relation used to indicate that the total consumption
of a resource must be or some limiting value.

Infeasible Solution Any point lying outside the feasible
region. It violates one or more of the stated constraints.

Isocost Line A straight line representing all combinations
of and for a particular cost level.

Isoprofit Line A straight line representing all nonnegative
combinations of and for a particular profit level.

Linear Programming (LP) A mathematical technique used
to help management decide how to make the most effective
use of an organization’s resources.

Mathematical Programming The general category of math-
ematical modeling and solution techniques used to allocate
resources while optimizing a measurable goal. LP is one
type of programming model.

Nonbinding Constraint A constraint with a positive amount
of slack or surplus for the optimal solution.

Nonnegativity Constraints A set of constraints that
requires each decision variable to be nonnegative; that is,
each must be greater than or equal to 0.

Objective Function A mathematical statement of the goal of
an organization, stated as an intent to maximize or to mini-
mize some important quantity such as profits or costs.

Xi

X2X1

X2X1

…Ú

1 … 2
1 Ú 2

Product Mix Problem A common LP problem involving a
decision as to which products a firm should produce given
that it faces limited resources.

Redundancy The presence of one or more constraints that
do not affect the feasible solution region.

Sensitivity Analysis The study of how sensitive an optimal
solution is to model assumptions and to data changes. It is
often referred to as postoptimality analysis.

Shadow Price The increase in the objective function value
that results from a one-unit increase in the right-hand side
of that constraint.

Simultaneous Equation Method The algebraic means of
solving for the intersection point of two or more linear
constraint equations.

Slack The difference between the left-hand side and the
right-hand side of a less-than-or-equal-to constraint. Often
this is the amount of a resource that is not being used.

Surplus The difference between the left-hand side and the
right-hand side of a greater-than-or-equal-to constraint.
Often this represents the amount by which a minimum
quantity is exceeded.

Technological Coefficients Coefficients of the variables in
the constraint equations. The coefficients represent the
amount of resources needed to produce one unit of the
variable.

Unboundedness A condition that exists when a solution
variable and the profit can be made infinitely large without
violating any of the problem’s constraints in a
maximization process.
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CORNER POINT VALUES OF X1, X2 OBJECTIVE FUNCTION VALUE ($)

A (0, 0) 0

B (60, 0) 3,000

C (60, 40) 3,800

D (40, 80) 3,600

E (0, 100) 2,000

20 X1

X2

20

100X  + 50X     8,000

40

60

80

100

120

140

160

180

200

40 60 80 100 120 140 160 180 200 220 240

1 2 ≤

X     601 ≤

2X  + 4X     4001 2 ≤

E

D

C

A
B

Feasible
Region

Solved Problem 7-2
The solution obtained with QM for Windows for Solved Problem 7-1 is given in the following program.
Use this to answer the following questions.

a. For the optimal solution, how much of the advertising budget is spent?

b. For the optimal solution, how much square footage will be used?

c. Would the solution change if the budget were only $300 instead of $400?

d. What would the optimal solution be if the profit on the large spaces were reduced from $50 to $45?

e. How much would earnings increase if the square footage requirement were increased from 8,000 
to 9,000?
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Solution
a. In the optimal solution, and Using these values in the first constraint gives us

Another way to find this is by looking at the slack:

b. For the second constraint we have

Instead of computing this, you may simply observe that the slack is 0, so all of the 8,000 square feet
will be used.

c. No, the solution would not change. The dual price is 0 and there is slack available. The value 300 is
between the lower bound of 280 and the upper bound of infinity. Only the slack for this constraint
would change.

d. Since the new coefficient for is between the lower bound (40) and the upper bound (infinity), the
current corner point remains optimal. So and and only the monthly earnings
change.

e. The dual price for this constraint is 0.4, and the upper bound is 9,500. The increase of 1,000 units
will result in an increase in earnings of 1,000(0.4 per unit) $400.

Solved Problem 7-3
Solve the following LP formulation graphically, using the isocost line approach:

 X1, X2 Ú 0

 X2 Ú 100

 X1 + X2 Ú 300

 X1 Ú 80

5X1 + 4X2 … 2,000 subject to

= 24X1 + 28X2 Minimize costs

=

Earnings = 451602 + 201402 = $3,500

X2 = 40,X1 = 60
X1

100X1 + 50X2 = 1001602 + 501402 = 8,000 square feet

Slack for constraint 1 = 120 so the amount used is 400 - 120 = 280

2X1 + 4X2 = 21602 + 41402 = 280

X2 = 40.X1 = 60
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Solution
A graph of the four constraints follows. The arrows indicate the direction of feasibility for each
constraint. The next graph illustrates the feasible solution region and plots of two possible objective
function cost lines. The first, $10,000, was selected arbitrarily as a starting point. To find the optimal
corner point, we need to move the cost line in the direction of lower cost, that is, down and to the left.
The last point where a cost line touches the feasible region as it moves toward the origin is corner point
D. Thus D, which represents and a cost of $7,600, is optimal.X1 = 200, X2 = 100,

80 X1

X2

100

5X  + 4X     2,0001 2 ≤

X  + X     3001 2 ≥

0 100 200 300 400 500

200

300

400

500
X     801 ≥

X     1002 ≥

X1

X2

100

100 200 300 400 500

200

300

400

500

A

B

D
C

Feasible
Region

1

Optimal Cost Line
$7,600 = 24X  + 28X2

1$10,000 = 24X  + 28X2

Optimal
Solution

Solved Problem 7-4
Solve the following problem, using the corner point method. For the optimal solution, how much slack
or surplus is there for each constraint?

 X1, X2 Ú 0

 X2 … 2

 2X1 - X2 Ú 2

 subject to      4X1 + 2X2 … 16

 Maximize profit = 30X1 + 40X2
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Solution
The graph appears next with the feasible region shaded.

CORNER POINT COORDINATES PROFIT ($)

A X1 � 1, X2 � 0 30

B X1 � 4, X2 � 0 120

C X1 � 3, X2 � 2 170

D X1 � 2, X2 � 2 140

X2

4

3

2

1

0

–1

–2

1 2 3 4 5
X1

4X1 � 2X2 ≤ 16

X2 ≤ 2

A B

CD

Feasible
Region

8

7

6

5

2X1 – X2 ≥ 2

The optimal profit of $170 is at corner point C.

The optimal solution is (3, 2). For this point,

Therefore, slack = 0 for constraint 1. Also,

Therefore, for constraint 2. Also,

Therefore, for constraint 3.slack = 0

X2 = 2

surplus = 4 - 2 = 2

2X1 - 1X2 = 2132 - 1122 = 4 7 2

4X1 + 2X2 = 4132 + 2122 = 16
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Self-Test

� Before taking the self-test, refer to the learning objectives at the beginning of the chapter, the notes in the margins, and the
glossary at the end of the chapter.

� Use the key at the back of the book to correct your answers.
� Restudy pages that correspond to any questions that you answered incorrectly or material you feel uncertain about.

8. A graphical method should only be used to solve an LP
problem when
a. there are only two constraints.
b. there are more than two constraints.
c. there are only two variables.
d. there are more than two variables.

9. In LP, variables do not have to be integer valued and may
take on any fractional value. This assumption is called
a. proportionality.
b. divisibility.
c. additivity.
d. certainty.

10. In solving a linear program, no feasible solution exists.
To resolve this problem we might
a. add another variable.
b. add another constraint.
c. remove or relax a constraint.
d. try a different computer program.

11. If the feasible region gets larger due to a change in one of
the constraints, the optimal value of the objective
function
a. must increase or remain the same for a maximization

problem.
b. must decrease or remain the same for a maximization

problem.
c. must increase or remain the same for a minimization

problem.
d. cannot change.

12. When alternate optimal solutions exist in an LP problem,
then
a. the objective function will be parallel to one of the

constraints.
b. one of the constraints will be redundant.
c. two constraints will be parallel.
d. the problem will also be unbounded.

13. If a linear program is unbounded, the problem probably
has not been formulated correctly. Which of the follow-
ing would most likely cause this?
a. a constraint was inadvertently omitted
b. an unnecessary constraint was added to the problem
c. the objective function coefficients are too large
d. the objective function coefficients are too small

14. A feasible solution to an LP problem
a. must satisfy all of the problem’s constraints simultane-

ously.
b. need not satisfy all of the constraints, only some of

them.
c. must be a corner point of the feasible region.
d. must give the maximum possible profit.

1. When using a graphical solution procedure, the region
bounded by the set of constraints is called the
a. solution.
b. feasible region.
c. infeasible region.
d. maximum profit region.
e. none of the above.

2. In an LP problem, at least one corner point must be an
optimal solution if an optimal solution exists.
a. True
b. False

3. An LP problem has a bounded feasible region. If this
problem has an equality constraint, then
a. this must be a minimization problem.
b. the feasible region must consist of a line segment.
c. the problem must be degenerate.
d. the problem must have more than one optimal solution.

4. Which of the following would cause a change in the fea-
sible region?
a. increasing an objective function coefficient in a maxi-

mization problem
b. adding a redundant constraint
c. changing the right-hand side of a nonredundant

constraint
d. increasing an objective function coefficient in a mini-

mization problem
5. If a nonredundant constraint is removed from an LP

problem, then
a. the feasible region will get larger.
b. the feasible region will get smaller.
c. the problem would become nonlinear.
d. the problem would become infeasible.

6. In the optimal solution to a linear program, there are
20 units of slack for a constraint. From this we know that
a. the dual price for this constraint is 20.
b. the dual price for this constraint is 0.
c. this constraint must be redundant.
d. the problem must be a maximization problem.

7. A linear program has been solved and sensitivity analysis
has been performed. The ranges for the objective
function coefficients have been found. For the profit on

the upper bound is 80, the lower bound is 60, and the
current value is 75. Which of the following must be true
if the profit on this variable is lowered to 70 and the opti-
mal solution is found?
a. a new corner point will become optimal
b. the maximum possible total profit may increase
c. the values for all the decision variables will remain the

same
d. all of the above are possible

X1,

1=2

M07_REND2868_00_SE_C07 pp4.QXD  2/1/11  12:06 PM  Page 311



312 CHAPTER 7 • LINEAR PROGRAMMING MODELS: GRAPHICAL AND COMPUTER METHODS

Discussion Questions and Problems

Discussion Questions
7-1 Discuss the similarities and differences between

minimization and maximization problems using the
graphical solution approaches of LP.

7-2 It is important to understand the assumptions under-
lying the use of any quantitative analysis model.
What are the assumptions and requirements for an
LP model to be formulated and used?

7-3 It has been said that each LP problem that has a
feasible region has an infinite number of solutions.
Explain.

7-4 You have just formulated a maximization LP prob-
lem and are preparing to solve it graphically. What
criteria should you consider in deciding whether it
would be easier to solve the problem by the corner
point method or the isoprofit line approach?

7-5 Under what condition is it possible for an LP prob-
lem to have more than one optimal solution?

7-6 Develop your own set of constraint equations and in-
equalities and use them to illustrate graphically each
of the following conditions:
(a) an unbounded problem
(b) an infeasible problem
(c) a problem containing redundant constraints

7-7 The production manager of a large Cincinnati manu-
facturing firm once made the statement, “I would like
to use LP, but it’s a technique that operates under con-
ditions of certainty. My plant doesn’t have that cer-
tainty; it’s a world of uncertainty. So LP can’t be used
here.” Do you think this statement has any merit?
Explain why the manager may have said it.

7-8 The mathematical relationships that follow were for-
mulated by an operations research analyst at the
Smith–Lawton Chemical Company. Which ones are
invalid for use in an LP problem, and why?

7-9 Discuss the role of sensitivity analysis in LP. Under
what circumstances is it needed, and under what
conditions do you think it is not necessary?

 -X1 - X2 + X3 = 5

 5X1 + 4X2 + 32 X3 … 80

19X2 - 0.35X3 = 17

 1.5X1
2

+ 6X2 + 3X3 Ú 21

X1 - 4X2 Ú 6

2X1 + X2 + 2X3 … 50 subject to

= 4X1 + 3X1X2 + 8X2 + 5X3 Maximize profit

7-10 A linear program has the objective of maximizing
The maximum profit is $8,000.

Using a computer we find the upper bound for profit
on X is 20 and the lower bound is 9. Discuss the
changes to the optimal solution (the values of the vari-
ables and the profit) that would occur if the profit on
X were increased to $15. How would the optimal so-
lution change if the profit on X were increased to $25?

7-11 A linear program has a maximum profit of $600.
One constraint in this problem is 
Using a computer we find the dual price for this con-
straint is 3, and there is a lower bound of 75 and an
upper bound of 100. Explain what this means.

7-12 Develop your own original LP problem with two
constraints and two real variables.
(a) Explain the meaning of the numbers on the

right-hand side of each of your constraints.
(b) Explain the significance of the technological

coefficients.
(c) Solve your problem graphically to find the opti-

mal solution.
(d) Illustrate graphically the effect of increasing the

contribution rate of your first variable by
50% over the value you first assigned it. Does
this change the optimal solution?

7-13 Explain how a change in a technological coefficient
can affect a problem’s optimal solution. How can a
change in resource availability affect a solution?

Problems
7-14 The Electrocomp Corporation manufactures two elec-

trical products: air conditioners and large fans. The as-
sembly process for each is similar in that both require
a certain amount of wiring and drilling. Each air con-
ditioner takes 3 hours of wiring and 2 hours of drilling.
Each fan must go through 2 hours of wiring and 1 hour
of drilling. During the next production period, 240
hours of wiring time are available and up to 140 hours
of drilling time may be used. Each air conditioner sold
yields a profit of $25. Each fan assembled may be sold
for a $15 profit. Formulate and solve this LP produc-
tion mix situation to find the best combination of air
conditioners and fans that yields the highest profit.
Use the corner point graphical approach.

7-15 Electrocomp’s management realizes that it forgot to
include two critical constraints (see Problem 7-14). In
particular, management decides that there should be a
minimum number of air conditioners produced in
order to fulfill a contract. Also, due to an oversupply

1X12

4X + 2Y … 80.

profit = 12X + 8Y.

Note: means the problem may be solved with QM for Windows; means the problem may be 

solved with Excel; and means the problem may be solved with QM for Windows and/or Excel.
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of fans in the preceding period, a limit should be
placed on the total number of fans produced.
(a) If Electrocomp decides that at least 20 air condi-

tioners should be produced but no more than 80
fans should be produced, what would be the op-
timal solution? How much slack is there for each
of the four constraints?

(b) If Electrocomp decides that at least 30 air condi-
tioners should be produced but no more than
50 fans should be produced, what would be
the optimal solution? How much slack is there
for each of the four constraints at the optimal
solution?

7-16 A candidate for mayor in a small town has allocated
$40,000 for last-minute advertising in the days pre-
ceding the election. Two types of ads will be used:
radio and television. Each radio ad costs $200 and
reaches an estimated 3,000 people. Each television
ad costs $500 and reaches an estimated 7,000 peo-
ple. In planning the advertising campaign, the cam-
paign manager would like to reach as many people
as possible, but she has stipulated that at least 10 ads
of each type must be used. Also, the number of radio
ads must be at least as great as the number of televi-
sion ads. How many ads of each type should be
used? How many people will this reach?

7-17 The Outdoor Furniture Corporation manufactures
two products, benches and picnic tables, for use in
yards and parks. The firm has two main resources:
its carpenters (labor force) and a supply of redwood
for use in the furniture. During the next production
cycle, 1,200 hours of labor are available under a
union agreement. The firm also has a stock of 3,500
feet of good-quality redwood. Each bench that Out-
door Furniture produces requires 4 labor hours and
10 feet of redwood; each picnic table takes 6 labor
hours and 35 feet of redwood. Completed benches
will yield a profit of $9 each, and tables will result
in a profit of $20 each. How many benches and
tables should Outdoor Furniture produce to obtain
the largest possible profit? Use the graphical LP
approach.

7-18 The dean of the Western College of Business must
plan the school’s course offerings for the fall semes-
ter. Student demands make it necessary to offer at
least 30 undergraduate and 20 graduate courses in
the term. Faculty contracts also dictate that at least
60 courses be offered in total. Each undergraduate
course taught costs the college an average of $2,500
in faculty wages, and each graduate course costs
$3,000. How many undergraduate and graduate
courses should be taught in the fall so that total fac-
ulty salaries are kept to a minimum?

7-19 MSA Computer Corporation manufactures two mod-
els of minicomputers, the Alpha 4 and the Beta 5. The
firm employs five technicians, working 160 hours
each per month, on its assembly line. Management

insists that full employment (i.e., all 160 hours of
time) be maintained for each worker during next
month’s operations. It requires 20 labor hours to
assemble each Alpha 4 computer and 25 labor hours
to assemble each Beta 5 model. MSA wants to see at
least 10 Alpha 4s and at least 15 Beta 5s produced
during the production period. Alpha 4s generate
$1,200 profit per unit, and Beta 5s yield $1,800 each.
Determine the most profitable number of each model
of minicomputer to produce during the coming
month.

7-20 A winner of the Texas Lotto has decided to invest
$50,000 per year in the stock market. Under consid-
eration are stocks for a petrochemical firm and a
public utility. Although a long-range goal is to get
the highest possible return, some consideration is
given to the risk involved with the stocks. A risk in-
dex on a scale of 1–10 (with 10 being the most risky)
is assigned to each of the two stocks. The total risk
of the portfolio is found by multiplying the risk of
each stock by the dollars invested in that stock.

The following table provides a summary of the
return and risk:

STOCK ESTIMATED RETURN RISK INDEX

Petrochemical 12% 9

Utility 6% 4

The investor would like to maximize the return on
the investment, but the average risk index of the in-
vestment should not be higher than 6. How much
should be invested in each stock? What is the aver-
age risk for this investment? What is the estimated
return for this investment?

7-21 Referring to the Texas Lotto situation in Problem 7-20,
suppose the investor has changed his attitude about
the investment and wishes to give greater emphasis
to the risk of the investment. Now the investor
wishes to minimize the risk of the investment as
long as a return of at least 8% is generated. Formu-
late this as an LP problem and find the optimal solu-
tion. How much should be invested in each stock?
What is the average risk for this investment? What is
the estimated return for this investment?

7-22 Solve the following LP problem using the corner
point graphical method. At the optimal solution, cal-
culate the slack for each constraint:

 X, Y Ú 0

 5X + 3Y … 150

 X - 2Y … 10

 subject to      3X + 5Y … 150

 Maximize profit = 4X + 4Y
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7-23 Consider this LP formulation:

Graphically illustrate the feasible region and apply
the isocost line procedure to indicate which corner
point produces the optimal solution. What is the cost
of this solution?

7-24 The stock brokerage firm of Blank, Leibowitz, and
Weinberger has analyzed and recommended two
stocks to an investors’ club of college professors.
The professors were interested in factors such as
short-term growth, intermediate growth, and divi-
dend rates. These data on each stock are as follows:

 X, Y Ú 0

 Y … 70

 3X + 2Y Ú 120

 8X + 2Y Ú 160

X + 3Y Ú 90

 subject to
= $X + 2Y Minimize cost

olives to grow on their own and results in a smaller
size olive. It also, though, permits olive trees to be
spaced closer together. The yield of 1 barrel of olives
by pruning requires 5 hours of labor and 1 acre of
land. The production of a barrel of olives by the nor-
mal process requires only 2 labor hours but takes
2 acres of land. An olive grower has 250 hours of
labor available and a total of 150 acres for growing.
Because of the olive size difference, a barrel of olives
produced on pruned trees sells for $20, whereas a
barrel of regular olives has a market price of $30. The
grower has determined that because of uncertain
demand, no more than 40 barrels of pruned olives
should be produced. Use graphical LP to find
(a) the maximum possible profit.
(b) the best combination of barrels of pruned and

regular olives.
(c) the number of acres that the olive grower should

devote to each growing process.

7-27 Consider the following four LP formulations. Using
a graphical approach, determine
(a) which formulation has more than one optimal

solution.
(b) which formulation is unbounded.
(c) which formulation has no feasible solution.
(d) which formulation is correct as is.

Formulation 1 Formulation 3

Formulation 2 Formulation 4

Maximize Maximize 

subject to subject to  

7-28 Graph the following LP problem and indicate the
optimal solution point:

(a) Does the optimal solution change if the profit per
unit of X changes to $4.50?

(b) What happens if the profit function should have
been 

7-29 Graphically analyze the following problem:

 6X + 4Y … 24 hours

 subject to   X + 2Y … 8 hours

 Maximize profit = $4X + $6Y

$3X + $3Y?

 2X + 3Y … 300

 subject to            2X + Y … 150

 Maximize profit = $3X + $2Y

2X1 Ú 2

3X2 Ú 3X1 + 2X2 … 2

4X1 + 2X2 … 122X2 … 2

4X1 + 6X2 … 48X1 … 1

3X1 + 3X2X1 + 2X2

X1 = 6

2X2 Ú 84X2 … 8

X1 Ú 22X1 + 4X2 … 16

subject to   X1 + X2 Ú 5subject to 2X1 … 10

Maximize 3X1 + 2X2Maximize 10X1 + 10X2

STOCK ($)

LOUISIANA GAS TRIMEX INSULATION
FACTOR AND POWER COMPANY

Short-term growth .36 .24
potential, per dollar
invested

Intermediate growth 1.67 1.50
potential (over next 
three years), per 
dollar invested

Dividend rate 4% 8%
potential

Each member of the club has an investment goal of
(1) an appreciation of no less than $720 in the short
term, (2) an appreciation of at least $5,000 in the
next three years, and (3) a dividend income of at
least $200 per year. What is the smallest investment
that a professor can make to meet these three goals?

7-25 Woofer Pet Foods produces a low-calorie dog food
for overweight dogs. This product is made from beef
products and grain. Each pound of beef costs $0.90,
and each pound of grain costs $0.60. A pound of the
dog food must contain at least 9 units of Vitamin 1
and 10 units of Vitamin 2. A pound of beef contains
10 units of Vitamin 1 and 12 units of Vitamin 2. A
pound of grain contains 6 units of Vitamin 1 and 9
units of Vitamin 2. Formulate this as an LP problem
to minimize the cost of the dog food. How many
pounds of beef and grain should be included in each
pound of dog food? What is the cost and vitamin
content of the final product?

7-26 The seasonal yield of olives in a Piraeus, Greece,
vineyard is greatly influenced by a process of branch
pruning. If olive trees are pruned every two weeks,
output is increased. The pruning process, however,
requires considerably more labor than permitting the
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(a) What is the optimal solution?
(b) If the first constraint is altered to 

does the feasible region or optimal solution
change?

7-30 Examine the LP formulation in Problem 7-29. The
problem’s second constraint reads

If the firm decides that 36 hours of time can be made
available on machine 2 (namely, an additional 12
hours) at an additional cost of $10, should it add the
hours?

7-31 Consider the following LP problem:

(a) What is the optimal solution to this problem?
Solve it graphically.

(b) If a technical breakthrough occurred that raised
the profit per unit of X to $8, would this affect
the optimal solution?

(c) Instead of an increase in the profit coefficient X
to $8, suppose that profit was overestimated and
should only have been $3. Does this change the
optimal solution?

7-32 Consider the LP formulation given in Problem 7-31.
If the second constraint is changed from 

to what effect will this
have on the optimal solution?

7-33 The computer output given below is for Problem 7-31.
Use this to answer the following questions.
(a) How much could the profit on X increase or de-

crease without changing the values of X and Y in
the optimal solution?

(b) If the right-hand side of constraint 1 were in-
creased by 1 unit, how much would the profit
increase?

2X + 4Y … 240,3Y … 240
2X +

 X, Y Ú 0

 2X + 3Y … 240

 subject to    2X + Y … 120

 Maximize profit = 5X + 6Y

1time available on machine 226X + 4Y … 24 hours

X + 3Y … 8,
(c) If the right-hand side of constraint 1 were in-

creased by 10 units, how much would the profit
increase?

7-34 The computer output on the next page is for a prod-
uct mix problem in which there are two products and
three resource constraints. Use the output to help
you answer the following questions. Assume that
you wish to maximize profit in each case.
(a) How many units of product 1 and product 2

should be produced?
(b) How much of each of the three resources is be-

ing used? How much slack is there for each con-
straint? Which of the constraints are binding,
and which are nonbinding?

(c) What are the dual prices for each resource?
(d) If you could obtain more of one of the resources,

which one should you obtain? How much should
you be willing to pay for this?

(e) What would happen to profit if, with the original
output, management decided to produce one
more unit of product 2?

7-35 Graphically solve the following problem:

(a) What is the optimal solution?
(b) Change the right-hand side of constraint 1 to

11 (instead of 10) and resolve the problem.
How much did the profit increase as a result of
this?

(c) Change the right-hand side of constraint 1 to 6
(instead of 10) and resolve the problem. How
much did the profit decrease as a result of this?
Looking at the graph, what would happen if the
right-hand-side value were to go below 6?

(d) Change the right-hand-side value of constraint
1 to 5 (instead of 10) and resolve the problem.

 X1, X2 Ú 0

 X1 … 6

 subject to    X1 + X2 … 10

 Maximize profit = 8X1 + 5X2

Output for Problem 7-33
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How much did the profit decrease from the orig-
inal profit as a result of this?

(e) Using the computer output on this page, what is
the dual price of constraint 1? What is the lower
bound on this?

(f) What conclusions can you draw from this re-
garding the bounds of the right-hand-side values
and the dual price?

7-36 Serendipity*

The three princes of Serendip
Went on a little trip.
They could not carry too much weight;
More than 300 pounds made them hesitate.
They planned to the ounce. When they returned to
Ceylon

They discovered that their supplies were just about
gone
When, what to their joy, Prince William found
A pile of coconuts on the ground.
“Each will bring 60 rupees,” said Prince Richard
with a grin
As he almost tripped over a lion skin.
“Look out!” cried Prince Robert with glee
As he spied some more lion skins under a tree.
“These are worth even more—300 rupees each
If we can just carry them all down to the beach.”
Each skin weighed fifteen pounds and each coconut,
five,
But they carried them all and made it alive.
The boat back to the island was very small

Output for Problem 7-34

*The word serendipity was coined by the English writer Horace Walpole after a fairy tale titled The Three Princes of Serendip. Source of problem is unknown.

Output for Problem 7-35
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15 cubic feet baggage capacity—that was all.
Each lion skin took up one cubic foot
While eight coconuts the same space took.
With everything stowed they headed to sea
And on the way calculated what their new wealth
might be.
“Eureka!” cried Prince Robert, “Our worth is so
great
That there’s no other way we could return in this
state.
Any other skins or nut that we might have brought
Would now have us poorer. And now I know what—
I’ll write my friend Horace in England, for surely
Only he can appreciate our serendipity.”
Formulate and solve Serendipity by graphical LP in
order to calculate “what their new wealth might be.”

7-37 Bhavika Investments, a group of financial advisors
and retirement planners, has been requested to pro-
vide advice on how to invest $200,000 for one of its
clients. The client has stipulated that the money
must be put into either a stock fund or a money mar-
ket fund, and the annual return should be at least
$14,000. Other conditions related to risk have also
been specified, and the following linear program
was developed to help with this investment decision:

total investment is 
$200,000

return must be at least
$14,000

at least $40,000 must 
be in money market 
fund

where

invested in stock fund

invested in money market fundM = dollars

S = dollars

S, M Ú 0

M Ú  40,000

0.10S + 0.05M Ú 14,000

S + M = 200,000

subject to
Minimize risk = 12S + 5M

The QM for Windows output is shown below.
(a) How much money should be invested in the

money market fund and the stock fund? What is
the total risk?

(b) What is the total return? What rate of return is
this?

(c) Would the solution change if risk measure for
each dollar in the stock fund were 14 instead
of 12?

(d) For each additional dollar that is available, how
much does the risk change?

(e) Would the solution change if the amount that
must be invested in the money market fund were
changed from $40,000 to $50,000?

7-38 Refer to the Bhavika Investments (Problem 7-37) situ-
ation once again. It has been decided that, rather than
minimize risk, the objective should be to maximize re-
turn while placing restriction on the amount of risk.
The average risk should be no more than 11 (with a to-
tal risk of 2,200,000 for the $200,000 invested). The
linear program was reformulated, and the QM for
Windows output is shown on the next page.
(a) How much money should be invested in the

money market fund and the stock fund? What is
the total return? What rate of return is this?

(b) What is the total risk? What is the average risk?
(c) Would the solution change if return for each dol-

lar in the stock fund were 0.09 instead of 0.10?
(d) For each additional dollar that is available, what

is the marginal rate of return?
(e) How much would the total return change if

the amount that must be invested in the money
market fund were changed from $40,000 to
$50,000?
Problems 7-39 to 7-44 test your ability to for-

mulate LP problems that have more than two vari-
ables. They cannot be solved graphically but will
give you a chance to set up a larger problem.

7-39 The Feed ‘N Ship Ranch fattens cattle for local
farmers and ships them to meat markets in Kansas

Output for Problem 7-37
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City and Omaha. The owners of the ranch seek to
determine the amounts of cattle feed to buy so that
minimum nutritional standards are satisfied, and at
the same time total feed costs are minimized. The
feed mix can be made up of the three grains that
contain the following ingredients per pound of feed:

The production available in each department each
month, and the minimum monthly production re-
quirement to fulfill contracts, are as follows:

Output for Problem 7-38

FEED (OZ.)

INGREDIENT STOCK X STOCK Y STOCK Z

A 3 2 4

B 2 3 1

C 1 0 2

D 6 8 4

The cost per pound of stocks X, Y, and Z are $2, $4,
and $2.50, respectively. The minimum requirement
per cow per month is 4 pounds of ingredient A, 5
pounds of ingredient B, 1 pound of ingredient C, and
8 pounds of ingredient D.

The ranch faces one additional restriction: it can
only obtain 500 pounds of stock Z per month from
the feed supplier regardless of its need. Because
there are usually 100 cows at the Feed ‘N Ship
Ranch at any given time, this means that no more
than 5 pounds of stock Z can be counted on for use
in the feed of each cow per month.
(a) Formulate this as an LP problem.
(b) Solve using LP software.

7-40 The Weinberger Electronics Corporation manufac-
tures four highly technical products that it supplies
to aerospace firms that hold NASA contracts. Each
of the products must pass through the following de-
partments before they are shipped: wiring, drilling,
assembly, and inspection. The time requirement in
hours for each unit produced and its corresponding
profit value are summarized in the following table:

DEPARTMENT
UNIT 

PRODUCT WIRING DRILLING ASSEMBLY INSPECTION PROFIT ($)

XJ201 0.5 0.3 0.2 0.5 9

XM897 1.5 1 4 1 12

TR29 1.5 2 1 0.5 15

BR788 1 3 2 0.5 11

MINIMUM
CAPACITY PRODUCTION 

DEPARTMENT (HOURS) PRODUCT LEVEL

Wiring 15,000 XJ201 150

Drilling 17,000 XM897 100

Assembly 26,000 TR29 300

Inspection 12,000 BR788 400

The production manager has the responsibility of
specifying production levels for each product for the
coming month. Help him by formulating (that is,
setting up the constraints and objective function)
Weinberger’s problem using LP.

7-41 Outdoor Inn, a camping equipment manufacturer in
southern Utah, is developing a production schedule
for a popular type of tent, the Double Inn. Orders
have been received for 180 of these to be delivered
at the end of this month, 220 to be delivered at the
end of next month, and 240 to be delivered at the
end of the month after that. This tent may be pro-
duced at a cost of $120, and the maximum number
of tents that can be produced in a month is 230.
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The company may produce some extra tents in one
month and keep them in storage until the next
month. The cost for keeping these in inventory for
1 month is estimated to be $6 per tent for each tent
left at the end of the month. Formulate this as an LP
problem to minimize cost while meeting demand
and not exceeding the monthly production capacity.
Solve it using any computer software. (Hint: Define
variables to represent the number of tents left over at
the end of each month.)

7-42 Outdoors Inn (see Problem 7-41) expanded its tent-
making operations later in the year. While still mak-
ing the Double Inn tent, it is also making a larger
tent, the Family Rolls, which has four rooms. The
company can produce up to a combined total of 280
tents per month. The following table provides the
demand that must be met and the production costs
for the next 3 months. Note that the costs will in-
crease in month 2. The holding cost for keeping a
tent in inventory at the end of the month for use in
the next month is estimated to be $6 per tent for the
Double Inn and $8 per tent for the Family Rolls. De-
velop a linear program to minimize the total cost.
Solve it using any computer software.

Third, MCA is experiencing a problem affecting
the intelligent modems model. Its component supplier
is able to guarantee only 8,000 microprocessors for
November delivery. Each intelligent modem requires
one of these specially made microprocessors. Alter-
native suppliers are not available on short notice.

MCA wants to plan the optimal mix of the two
modem models to produce in November to maxi-
mize profits for MCA.
(a) Formulate, using September’s data, MCA’s prob-

lem as a linear program.
(b) Solve the problem graphically.
(c) Discuss the implications of your recommended

solution.

7-44 Working with chemists at Virginia Tech and George
Washington Universities, landscape contractor
Kenneth Golding blended his own fertilizer, called
“Golding-Grow.” It consists of four chemical com-
pounds, C-30, C-92, D-21, and E-11. The cost per
pound for each compound is indicated as follows:

MONTH

DEMAND 
FOR 

DOUBLE 
INN

COST TO 
PRODUCE 
DOUBLE 

INN

DEMAND 
FOR 

FAMILY 
ROLLS

COST TO 
PRODUCE 
FAMILY 
ROLLS

1 185 $120 60 $150

2 205 $130 70 $160

3 225 $130 65 $160

7-43 Modem Corporation of America (MCA) is the
world’s largest producer of modem communication
devices for microcomputers. MCA sold 9,000 of the
regular model and 10,400 of the smart (“intelligent”)
model this September. Its income statement for the
month is shown in the table on this page. Costs pre-
sented are typical of prior months and are expected to
remain at the same levels in the near future.

The firm is facing several constraints as it pre-
pares its November production plan. First, it has ex-
perienced a tremendous demand and has been
unable to keep any significant inventory in stock.
This situation is not expected to change. Second, the
firm is located in a small Iowa town from which ad-
ditional labor is not readily available. Workers can
be shifted from production of one modem to an-
other, however. To produce the 9,000 regular
modems in September required 5,000 direct labor
hours. The 10,400 intelligent modems absorbed
10,400 direct labor hours.

TABLE FOR PROBLEM 7-43
MCA Income Statement Month Ended September 30

REGULAR INTELLIGENT
MODEMS MODEMS

Sales $450,000 $640,000

Less: Discounts 10,000 15,000

Returns 12,000 9,500

Warranty replacements 4,000 2,500

Net sales $424,000 $613,000

Sales costs

Direct labor 60,000 76,800

Indirect labor 9,000 11,520

Materials cost 90,000 128,000

Depreciation 40,000 50,800

Cost of sales $199,000 $267,120

Gross profit $225,000 $345,880

Selling and general expenses

General expenses—variable 30,000 35,000

General expenses—fixed 36,000 40,000

Advertising 28,000 25,000

Sales commissions 31,000 60,000

Total operating cost $125,000 $160,000

Pretax income $100,000 $185,880

Income taxes (25%) 25,000 46,470

Net income $ 75,000 $139,410

CHEMICAL COMPOUND COST PER POUND ($)

C-30 0.12

C-92 0.09

D-21 0.11

E-11 0.04
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The specifications for Golding-Grow are as follows:
(1) E-11 must constitute at least 15% of the blend;
(2) C-92 and C-30 must together constitute at least
45% of the blend; (3) D-21 and C-92 can together
constitute no more than 30% of the blend; and (4)
Golding-Grow is packaged and sold in 50-pound
bags.
(a) Formulate an LP problem to determine what

blend of the four chemicals will allow Golding
to minimize the cost of a 50-pound bag of the
fertilizer.

(b) Solve using a computer to find the best solution.

7-45 Raptor Fuels produces three grades of gasoline—
Regular, Premium, and Super. All of these are
produced by blending two types of crude oil—
Crude A and Crude B. The two types of crude
contain specific ingredients which help in deter-
mining the octane rating of gasoline. The impor-
tant ingredients and the costs are contained in the
following table:

In order to achieve the desired octane ratings, at
least 41% of Regular gasoline should be Ingredient
1; at least 44% of Premium gasoline must be Ingre-
dient 1, and at least 48% of Super gasoline must be
Ingredient 1. Due to current contract commitments,
Raptor Fuels must produce as least 20,000 gallons of
Regular, at least 15,000 gallons of Premium, and at
least 10,000 gallons of Super. Formulate a linear
program that could be used to determine how much
of Crude A and Crude B should be used in each of
the gasolines to meet the demands at the minimum
cost. What is the minimum cost? How much of
Crude A and Crude B are used in each gallon of the
different types of gasoline?

Case Study

Mexicana Wire Works

Ron Garcia felt good about his first week as a management
trainee at Mexicana Wire Winding, Inc. He had not yet devel-
oped any technical knowledge about the manufacturing
process, but he had toured the entire facility, located in the sub-
urbs of Mexico City, and had met many people in various areas
of the operation.

Mexicana, a subsidiary of Westover Wire Works, a Texas
firm, is a medium-sized producer of wire windings used in mak-
ing electrical transformers. Carlos Alverez, the production con-
trol manager, described the windings to Garcia as being of
standardized design. Garcia’s tour of the plant, laid out by
process type (see Figure 7.20), followed the manufacturing se-
quence for the windings: drawing, extrusion, winding, inspec-
tion, and packaging. After inspection, good product is packaged
and sent to finished product storage; defective product is stored
separately until it can be reworked.

On March 8, Vivian Espania, Mexicana’s general manager,
stopped by Garcia’s office and asked him to attend a staff meet-
ing at 1:00 P.M.

“Let’s get started with the business at hand,” Vivian said,
opening the meeting. “You all have met Ron Garcia, our new

management trainee. Ron studied operations management in his
MBA program in southern California, so I think he is competent
to help us with a problem we have been discussing for a long
time without resolution. I’m sure that each of you on my staff
will give Ron your full cooperation.”

Vivian turned to José Arroyo, production control manager.
“José, why don’t you describe the problem we are facing?”

“Well,” José said, “business is very good right now. We are
booking more orders than we can fill. We will have some new
equipment on line within the next several months, which will
take care of our capacity problems, but that won’t help us in
April. I have located some retired employees who used to work
in the drawing department, and I am planning to bring them in
as temporary employees in April to increase capacity there.
Because we are planning to refinance some of our long-term
debt, Vivian wants our profits to look as good as possible in
April. I’m having a hard time figuring out which orders to run
and which to back order so that I can make the bottom line look
as good as possible. Can you help me with this?”

Garcia was surprised and apprehensive to receive such an
important, high-profile assignment so early in his career.

CRUDE A CRUDE B

Cost per gallon $0.42 $0.47

Ingredient 1 40% 52%

Other ingredients 60% 48%  

See our Internet home page, at www.pearsonglobaleditions.com/render, for additional home-
work problems, Problems 7-46 to 7-50.

Internet Homework Problems
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Recovering quickly, he said, “Give me your data and let me
work with it for a day or two.”

Discussion Questions
1. What recommendations should Ron Garcia make, with

what justification? Provide a detailed analysis with charts,
graphs, and computer printouts included.

2. Discuss the need for temporary workers in the drawing
department.

3. Discuss the plant layout.

Source: Professor Victor E. Sower, Sam Houston State University. This case
material is based on an actual situation, with names and data altered for confi-
dentiality.

April Orders

Product W0075C 1,400 units

Product W0033C 250 units

Product W0005X 1,510 units

Product W0007X 1,116 units

Office Wire Drawing

Packaging

Winding

Extrusion

Inspection

Receiving and
Raw Material Storage

Finished
Product
Storage

Rework
Department

Rejected
Product
Storage

FIGURE 7.20
Mexicana Wire Winding,
Inc.

Standard Cost

SELLING
PRODUCT MATERIAL LABOR OVERHEAD PRICE

W0075C $33.00 $ 9.90 $23.10 $100.00

W0033C 25.00 7.50 17.50 80.00

W0005X 35.00 10.50 24.50 130.00

W0007X 75.00 11.25 63.75 175.00

Selected Operating Data

Average output per month = 2,400 units

Average machine utilization = 63%

Average percentage of production set to rework department =
5% (mostly from Winding Department)

Average no. of rejected units awaiting rework = 850 (mostly from
Winding Department)

Note: Vivian Espania has given her word to a key customer that
we will manufacture 600 units of product W0007X and 150 units
of product W0075C for him during April

Bill of Labor (Hours/Unit)

PRODUCT DRAWING EXTRUSION WINDING PACKAGING

W0075C 1.0 1.0 1.0 1.0

W0033C 2.0 1.0 3.0 0.0

W0005X 0.0 4.0 0.0 3.0

W0007X 1.0 1.0 0.0 2.0

Plant Capacity (Hours)

DRAWING EXTRUSION WINDING PACKAGING

4,000 4,200 2,000 2,300

Note: Inspection capacity is not a problem; we can work overtime, as neces-
sary, to accommodate any schedule.   

See our Internet home page, at www.pearsonglobaleditions.com/render, for this additional case
study: Agri Chem Corporation. This case involves a company’s response to an energy shortage.

Internet Case Study
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Appendix 7.1 Excel QM

Using the Excel QM add-in can help you easily solve linear programming problems. Excel QM
automates the spreadsheet preparation for the use of  the Solver add-in. We will illustrate this
using the Flair Furniture example.

To begin, from the Add-Ins tab in Excel 2010, click Excel QM and then select Linear, Inte-
ger & Mixed Integer Programming from the drop-down menu, as shown in Program 7.7A. The
Excel QM Spreadsheet Initialization window opens, and in it you enter the problem title, the
number of variables, the number of constraints (do not count the nonnegativity constraints), and
specify whether the problem is a maximization or minimization problem. This is illustrated in
Program 7.7B. When finished, click OK.

When the initialization process is finished, a spreadsheet is prepared for data input, as
shown in Program 7.7C. In this screen, enter the data in the section labeled Data. Specify the
type of constraint (less-than, greater-than, or equal-to) and change the variable names and the
constraint names, if desired.

Program 7.7D presents the same spreadsheet as Program 7.7C, with the data input and the
variable names changed. Once the data have been entered, from the Data tab, select Solver. The
Solver Parameters window opens, as shown in Program 7.7E. Excel QM will have made all the
necessary inputs and selections, so simply click OK to find the solution.

The solution is displayed in Program 7.7F. In addition to the optimal values for the decision
variables and the profit, the solution also includes slack or surplus for each constraint. You can
obtain additional information from the Solver Results window that opens. Select a type of report
(if any) and click OK. Any report that you selected will be placed on a separate worksheet.
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From the Add-Ins tab, 
click Excel QM.

From the drop-down Excel  QM 
menu, click Linear, Integer & 
Mixed Integer Programming.

PROGRAM 7.7A
Using Excel QM in Excel
2010 for the Flair
Furniture Example

Enter the title.

Click OK.
Select Maximize.

Enter the number of constraints 
and the number of variables.

PROGRAM 7.7B
Using the Excel QM
Spreadsheet
Initialization Window
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Type over the variable 
names to change them.

Input data here. Nothing outside 
this Data area should be changed.

Instructions for specifying the 
type of constraint are here. 
Note special Instructions to 
enter the = constraint. Type 
over the sign to change it.

PROGRAM 7.7C
An Excel QM Initialized
Spreadsheet

PROGRAM 7.7D
Excel QM Spreadsheet
After Data Input for Flair
Furniture

Instructions to access Solver are here.

On the Data tab, click Solver.
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When the window opens, just 
click Solve. Excel QM has 
already entered inputs for the 
Solver Parameter is dialog box.

PROGRAM 7.7E
The Excel Solver
Parameters Window

Solution is shown here.

Additional results are available 
by selecting any of these and 
clicking OK.

PROGRAM 7.7F
Excel QM output for Flair
Furniture and the Solver
Results Window
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